UNIT I - LOGIC AND PROOFS

Mathematical Logic is the science of reasoning used to represent the statements to communicate the
facts. It provides rules by which one can determine whether any particular argument is valid or not.

A proposition is defined as statement, that is either true or false but not both. It is used to describe any
Mathematical structure. Consider the following examples:

i. Delhi is the capital of India

ii. 0>1

iii. The problem is simple
Here i. and ii. are true and false respectively. Hence they are called as proposition or statement. But iii. is
neither true nor false. Hence it is not a statement.

There are two types of statements:
i. Simple Statement or atomic statement ii. Compound statement or molecular statement

A statement which cannot be divided into further meaningful simple statements is called atomic
statement. Example: i. 5is a prime number ii. Rajaisaboy

A statement which consists of more than one atomic statements is called a compound statement. They
are formed by combining atomic statements by the use of connectives like and, or, etc.

Example: Raja is a boy and he is studying B.E.
Truth value of a proposition:

English alphabets are used to represent simple statements and are called propositional variables. If a
proposition is true then its truth value is T and if a proposition is false, its truth value is F, which are
called propositional constants.

Connectives: The words by which atomic statements are combined to form a compound statements,
with the help of ‘or’, ‘and’, ‘not’, ‘if’ are called connectives. We will discuss some of the connectives:

TRUTH TABLE

It is a way of summarizing the truth values of logical statements and indicates the truth values of
compound propositions. The number of columns depends on the propositional variables and connectives
used and number of rows depends on simple propositions. For N simple propositions the number of rows
will be 2".

LOGICAL OPERATIONS

Negation: ( ~ or — ) The negation of a statement P is written as =P or ~P and read as ‘not P’. The
truth table for negation is given here.

P —P or~P Example: Let P: Ram is arich man

T = Then ~P: Ram is not a rich man / Ram is a poor man / It
is not the case Ram is rich man

F T Note: Negation is a unary operator

Conjunction: ( AND A ) The conjunction of two statements P and @ is written as ‘P AQ’ and is read as
‘P and @’. It has truth value True only when both P and ¢ are True. Otherwise False. The truth table
for conjunction is given here.
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P Q PAQ Example: Let P: Itishot. @: Itissunny

T E = Then P A@: Itishotand itis sunny.

F T F Note: Negation is a binary operator and it is
symmetric.

F F F

To form P A@ the statements P and ¢ need not be
T T T related

Disjunction: ( OR v ) The disjunction of two statements P and @ is written as ‘P v’ and isread as ‘P
or @’ . It has truth value False only when both P and ¢ are False. Otherwise True. The truth table for
disjunction is given here.

P Q Pvo Example: Let P: I will go to college. o: I will go to
cinema.

T F T Then P vg: I will go to college or cinema.

F T T i o : .
Note: Disjunction is a binary operator and it is

F = = symmetric.

T T T

Implication or Conditional Statement: (—) Let P and @ be any two statements. Then ‘P -’ is read
as ‘if P then @’. It has truth value False only when P is True and @ is False. Otherwise True. The truth
table for the conditional statement is given here.

P Q P—>o Example: Let P: Thereis a flood. ¢: The crop will
be destroyed.

T F F

= T T Then P —>@: If there is a flood, then the crop will be
destroyed.

F F T

T T T Note: —is a binary operator and it is not symmetric

Equivalence of Biconditional Statement: (<») Let P and ¢ be any two statements. Then ‘P« q’ is
read as ‘P if and only if @’. It has truth value True if both P and @ are identical. Otherwise False. The
truth table for the biconditional statement is given here.

P Q P& o Example: Let P: xis even number. @: xis divisible
by 2.

T F F

= T = Then P <> @: xis even number iff x is divisible be 2.

F F T Note: <>is a binary operator and it is symmetric.

T T T

Symbolic form of compound propositions

Example: Let P: Heisrich, Q: He is happy. Example: Let P be “Roses arered” and @ be “Violets

Write the following in symbolic form. are blue.” LetS be the statement:

“It is not true that roses are red and violets are blue.”
Write S in symbolic form.The symbolic form is

S=—(PAQ)

He is neither rich nor happy.
Solution: _p A -Q
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Example: Let P:Itis hot, @:Itissunny. Example: Let P: You will get a good job,

Write the following in symbolic form. Q: You study Mathematics well.
It is not hot but it is sunny. Write the following in symbolic form.
You will get a good job if and only if you study

Solution: _p A Q
Mathematics well.

Solution: p <> Q

Logical Equivalence:

Definition: Any two simple propositions P and @ are said to be logically equivalent iff they have the
same truth values. Itis denoted as p = Q.

Example: P :2iseven number Q: 32+4? =52. Then P and @ are equivalent, since both are true.

Definition: Any two compound propositions P and ¢ are said to be logically equivalent iff their truth
values identical for each combination of the truth values of its components. Itis denoted as p=q.

Example: P: R—S Q: —S ——R. Then P and @ are equivalent. This can be verified by the truth
table.

Statement Formula: A definite compound statements represented by variables like P, @, R, ...... is
called statement formula. Example: PA—=P, (Pv_.0Q).

Example: Express the statement “Good food is not safety” in symbolic form

Let P : Good food is cheap. Then s =_p: Good food is not cheap.

Example: If P:Rajaispoorand @: Rajais happy, write the following statements in symbolic form.

i. Raja is rich but happy
il. Raja is neither poor nor happy
iii. Raja is rich or he is both poor and unhappy
Solution: i. —P AQ ii. =PAr_o iii. =PVv(PA_Q)

Example : Write the negation of the following:
i. Mathematics is interesting and Logic is not easy
ii. If students do well in the examinations then they will not fail

i. Let P : Mathematics is interesting. Q: Logicis easy
Therefore given propositionis p A —-Q.

The negation is —|( P /\—|Q) =—PVvQ ie. Mathematics is not interesting or Logic is easy.

ii. Let P : Students do well in the examinations. @ : They will fail
Therefore given propositionis p —» Q.

The negation is —|(P —>—|Q)E—l(—|P\/—|Q)E P/\Q i.e. Students do well in the examinations and they

will fail.

Example: Let P: Itishot and @: Itis humid. Give the verbal sentences for the following symbolic

form: i. =P  ii. PAg il PAno  iv. =(—Q)

Solution:
i. Itis not hot ii. Itis hot and humid
iii. Itis hotand it is not humid iv. Itis humid
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Inverse, converse and contra positive of a statement

For any implication statement p —, @, (@ whenever P)
I QP is called converse
. P> -0Q is called inverse

. QP is called contra positive

Note:
1. P—->Q=Q—>P
2. P>Q=—P >—-Q
3. P>Q=—Q-—>—P

Example: What are the contrapositive , converse and inverse of the conditional statement.
“Ifit is raining, then I get wet”.

Let P :Itisraining and @ :Igetwet.

Contrapositive : —Q — —pP Ifldon’t get wet, then itis not raining
Converse : QP If [ get wet, then it is raining
Inverse : —P > @ Ifitisnotraining, then I don’t get wet

Example: What are the contrapositive , converse and inverse of the conditional statement.
“The Indian cricket team wins whenever it plays first batting”.

Rewriting the statement as “If India plays first batting, then Indian cricket team wins”
Let P :India plays first batting and @ :Indian cricket team wins.
Contrapositive —.@ —» —p : If Indian cricket team do not win, then it is not playing first batting
Converse Q —» P : If Indian cricket team wins, then it plays first batting

Inverse —p » .Q : If India is not playing first batting, then Indian team don’t win

Example: What are the contrapositive , converse and inverse of the conditional statement.
“If you are guilty, then you are punished”

Let P : You are guilty and @ : You are punished.
Contrapositive .o —» —p : Ifyou are not punished, then you are not guilty
Converse Q —» P : Ifyou are punished, then you are guilty

Inverse —p —» .Q : If you are not guilty, then you are not punished

We can form the truth table for inverse, converse and contra positive as shown below:

P q pP—>q q—>p —p —q —P—>—q —q—>-p
T T T T F F T T
T F F T F T T F
F T T F T F F T
F F T T T T T T
Do you Kknow? How many rows are needed for the truth table of the formula
4
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Construction of the truth table:

1. Construct the truth table for (P - Q) - ( P /\Q) .

> [ o [P5Q](PrQ) (P>Q>(PrQ
T T T T T
T F F F T
F T T F F
F F T F F
2. Construct the truth table for (P —>Q)V(—|P /\Q)
> [ o [P0 —p [(PrQ] (PoQIv(nQ)
T T T F F
T F F F F
F T T T T
F F T T F

A statement formula which is true regardless of the truth values of the statements which replaces the
variables in it is called a universally valid formula or a Tautology. Example:

tautology if each entry in the final column of the truth table is T .

A statement formula which is false regardless of the truth values of the statements which replaces the
variables in it is called a contradiction. Example: P A—P. A formula is a contradiction if each entry in

the final column of the truth table is F .

A statement formula which is neither a tautology or a contradiction is called a contingency.

Example: Prove that (P N Q) A —|( Pv Q) is a contradiction.

P Q PAQ PwvaQ —|(PVQ) (P/\Q)/\—|(PVQ)
T | T T T F F
T F F T F F
F | T F T F F
F F F F T F

Example: Using truth table prove that (P /\Q) \ ( P— R) 4 (—Q - —|R) is a tautology.

Pv—P. A formula is a

i o | r [Frefror]ovel o] ¢ ﬁQ:ﬁR @ @)
T T T T T T F F T !
T T F T F T F T T !
T F T F T T T F F !
T F F F F F T T T !
F T T F T T F F T !
F T F F T T F T T !
F F T F T T T F F !
F F F F T T T T T !
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Example: Obtain the truth table for the statement (—.P - R) N (Q - P) N (Q - P) and comment on the
statement.

- —>P 1) A (2
Pl ©Q R | —pP '(31)_’R Q 2 ()(3)( ) @@
T T T F T T T T
T T F F T T T T
T F T F T T T T
T = = F T T T T
F T T T T F F F
F T = T F F F F
F F T T T T T T
F F F T F T F F

Above table implies that (Q - P), (—P - R) AN (Q - P) are having equivalent truth values

Equivalence Formulas

Let A and B be two statement formulas. If the truth value of A is equal to truth value of B, then A and
B are said to be equivalent and is denoted by A < B.

Example: —P <P, PVvP<P

Note: < isnotconnective. If A< B,then A<« B isatautology.

Definition: A formula A is said to tautologically imply a formula B if and only if A— B is a tautology.
In this case, we write A< B.

Example: Show that (P - Q) = (—|Q - —|P) by using truth table.

P | o [(P2Q)] o | —P |(-Q>-P)
T T T F F T
T F F T F F
F T T F T T
F F T T T T

Here the columns of (P —>Q) and (—|Q - —|P) are identical.
Hence (P - Q) —>(—|Q - —|P) is a tautology.

Hence we can write (P —>Q) :>(—|Q —>—|P).

Example: Show that (P \ Q) & —1(—|Q /\—|P) by using truth table.

P o |(PVQ)| o | —P | (RQA=P)| ~(-Qnr-P)
T T T F F F T
T § T T § § T
§ T T § T § T
F F F T T T F

Here the columns of (P \% Q) and —|(—|Q /\—|P) are identical.
Hence (P \% Q) © —|(—|Q /\—|P) is a tautology.

Hence we can write (P \ Q) 1 —|(—|Q /\—|P).
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Note: Now (P \% Q) and ﬂ(—Q /\—.P) are said to be equivalent.

Some Useful Equivalent Formulas:

PvP<=P
PVvVF <P
PvT <T

Pv—P<T

Pv(PAQ)&P
~(PvQ)&—PA—Q
(PvQ)=(QvP)
(PvQ)vR & Pv(QVR)

P/\(Q\/ R)@(PAQ)V(P/\R)

P—->Q<=—-PvQ

and

and

and

and

and

and

and

and

and

and

PAP<P Idempotent Law
PAT <P Identity Law
PAF<F Domination Law
PA—P<=F Negation Law

P /\(p \/Q) &P Absorption Law
_|(p/\Q) &—-Pv-Q Demorgan’s Law
(p /\Q) o (Q A p) Commutative Law
(p /\Q)/\ Ra P /\(Q A R) Associative Law

P\/(Q/\ R) <:>(P\/Q)/\(P\/ R) Distributive Law

PoQe(P->Q)A(Q—P)

(Av B)/\(Cv D) <:>(A/\C)V(A/\ D)v(B/\C)v(B A D) Extended Distributive Law

(A/\ B)V(C A D) <:>(A\/ C)/\(Av D)/\(B\/C)/\(Bv D) Extended Distributive Law

Solved Problems on Simplification using Equivalences

Example: Is [—P A ( Pv Q):I — Q atautology.

[-PA(PVQ)]|>Q < (-PAP)v(-PAQ)>Q

= T

& Fv(-PAQ)—Q
& (-PAQ)—Q
& ~(-PAQ)VQ
& (Pv-Q)vQ
& Pv(-QvQ)

= PvT

Example: Show that [Q v(PA —Q)] V(=P A=Q) isatautology.

[QVv(PA=Q)|v(-PAr=Q) & [(QVP)A(Qv-Q)]v(-PA—Q)
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& [(QvP)AT [v=(PvQ)
& (QvP)vﬁ(PvQ)

= T

Example: Show that [( Pv Q) A —|(—|P A (—|Q v —|R))} v (—P A —|Q)V (—P A —|R) is a tautology by using

equivalences.

[(PvQ)A=(=PA(=QV-R))]v(=PA=Q)v (=P A=R)
@[(PVQ)/\—.(—.P/\—.(Q/\R))]v—‘(PvQ)v—'(Pv R)

S[(PvQ)A(PV(QAR))|v=[(PvQ)A(PVR)]
@[(PVQ)/\(PVQ)/\(PV R)}v—'[(PvQ)/\(Pv R)]
&[(PvQ)A(PVR)|[v=[(PvQ)A(PVR)]

= T

Example: Show that (P\/Q)/\—l(—'P/\Q) < P without using truth table.
(PVQ)/\ﬁ(ﬁPAQ) & (PVQ)/\(PvﬁQ)
& PV(Q/\—Q)

= PvVvF

= P

Example:  Show that —(P <>Q) and (PvQ)A—(PAQ) are equivalent.
~(PoQ) @ [(P-Q)r(Q-P)]
= ~[(-PvQ)A(-QvP)]
& [=(=PvQ)v—(-QvP)]
(PA—Q)v(QA—P)
& [(PA=Q)vQ]A[(PA=Q)v—P]

Example: Show that (P - Q) /\(R - Q) and (P \ R) - Q are equivalent.
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s (P>Q)A(R>Q)
& (-PvQ)A(-RVQ)
& (-PA-R)vQ
= —(PVR)vQ
< (PVvR)>Q
Example: Prove without using truth table =(P ¢>Q)=(PvQ)A—=(PAQ)=(QA—-P)v(PA-Q).
In the previous example, we have proved that =(P <>Q)=(PvQ)A—(PAQ)

Consider (PVQ)/\—|(P/\Q) & (P\/Q)/\(ﬁPv—.Q)

Q/\—P)V(P/\—Q)

Therefore (PvQ)A—(PAQ)=(QA-P)v(PA-Q)

Example: Without using the truth table, prove that =P —>(Q—>R)=Q—>(PVR)
—-P>(Q->R)ePVv(Q—->R)
< Pv(-QVvR)
< (Pv-Q)vR
=(-QvP)vR
=-Qv(PVR)

< Q- (PVR)

Example:  Showthat P—(Q—>R)<(PAQ)>R&P—(-QVR)

= —|P\/<—|QV R)
= (—|PV—|Q)VR

& —|(P/\Q)\/R

https://doi.org/10.5281/zenodo.15287507



From (1) and (2) P—)(Q—)R)@(P/\Q)—)R@ P—)(—Qv R)

Example: Prove that (P—>Q)A(R—Q)=(PVR)—>Q
(P->Q)A(R-Q) & (-PvQ)A(-RVQ)
& (-PA-R)vQ
& =(PVR)vQ
& (PvR)->Q
Example: Show that (—PA(=QAR))v(QAR)v(PAR)< R without using truth table.
(<P A(=QAR))V(QAR)V(PAR) = ((-PA-Q)AR)v(QVP)AR
& (=(PvQ)AR)v(PVQ)AR
e[=(PvQ)v(PvQ)|AR
&TAR

<R

Functionally Set of Connectives

We introduce a new connective NAND 1 (combination of NOT and AND) defined by N Q= —|(P /\Q)

and another connective NOR | (combination of NOT and OR) defined by PJ Q= —|(P Vv Q) .
Thus the connectives T and | are defined in terms of A, v and —.

A set of connectives is said to be functionally complete if every formula can be expressed in terms of an
equivalent formula containing the connectives only from this set.

Example: {A, _|}, {T}, {J,} and {V, —|} are functionally complete.

Duality Law: Two formulas A and A* are said to be duals of each other if either one can be obtained
from the other by replacing ~ by «, . by ~, Fby T, T by F.

Example: The dual of (P/\—R)VT is (P\/—R)/\F.

Note: If A<~ B then A*<~ B*
Principal Disjunctive and Principal Conjunctive Normal Forms

Given a number of variables, the conjunction in which each variable or its negation, but not both, occurs
only once are called minterms. For variables P, ¢ the mintermsare PAQ,—=PAQ, PA—=Q,—-PA—-Q.

Given a number of variables, the disjunction in which each variable or its negation, but not both, occurs
only once are called maxterms. For variables P, ¢ the maxtermsare Pvg,—=PvQ, Pv-qQ,—=Pv—0Q.

A formula consisting disjunction of min terms and equivalent to a given formula is known as PDNF.

A formula consisting conjunction of max terms and equivalent to a given formula is known as PCNF.
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Note:
To get min terms in the disjunction, the missing factors are introduced through the complement law
Pv—P =T and then apply distributive law.

To obtain PCNF of A, apply De Morgan’s laws to the PDNF of —A.
PCNF of S =—(PDNF of —S) and PDNF of S =—(PCNF of —S)

To obtain the PDNF of the statement S, write the disjunction of minterms corresponding to the truth
value T and to find the PDNF of the statement —S, write the disjunction of minterms corresponding to
the truth value F.

Example: Find the PDNF and PCNF of (—P v — @ )—=(P <> — @) using truth table.

Let S E(—|PV—|Q)—)(P (—)—lQ)

P Q —P -Q —Pv—0 P -0 (wPv—-0Q)—(P+—0)
T T F F F F T
T F F T T T T
F T T F T T T
F F T T T F F

PDNFof s is (PAQ)v(PA-Q)v(-PAQ)
PDNF of —s is (—PA—Q)

PCNF of s is —(PDNF of —S)

PCNFof s is =(—PA—Q)=(PVvQ)

Example: Obtain PCNF & PDNF of (P —(QAR))A(-P—>(-QA—R))
Let $=(P—>(QAR))A(-P—>(-QA-R))
S < (-Pv(QAR))A(Pv(-QA-R))
& (P AP)v(=PA—QA-R)V(QARAP)V(QARA—QA—R)
& Fv(-PA-QA-R)v(QARAP)VF

<:>(—|P/\—|Q/\—.R)V(Q/\R/\P)
PDNFof s is (-PA=QA—R)v(QARAP)
PDNF of —s is ((PAQAR)V(PA=QAR)V(PAQA-R)v(-PA-QAR)v(-PAQA-R)v(PA-QA-R)
PCNF of s is —(PDNF of —S)

PCNFof s is —[(-PAQAR)V(PA—QAR)V(PAQA—-R)V(-PA-QAR)v(-PAQA—R)v(PA-QA—R)]
[(Pv—Qv—R)v(-PvQv-R)A(-Pv=QVR)A(PvQv—R)A(Pv-QVR)A(-PvQVR)]
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Example: Obtain PDNF of (PAQ)vR—>—P & hence find its PCNF.
(PAQ)VR—>—P < =[(PAQ)vR]v—P
= I:(—|PV—|Q)/\—|R:|V—|P

= [ ﬁPVﬁQ)\/ﬂP:I/\(ﬁR\/ﬁP)

0

(—|P v—|Q) (—|R Vv —|P)

II

[(=Pv—Q)vF]A[(=Rv=P)vF]

II

[(=Pv=Q)v(RA-R)]A[(-Rv-P)v(QA—Q)]
& [(+Pv=QVR)A(=Pv=QVR)JA[(-Rv-PvQ)A(-Rv—-PV-Q)]
& [(+PV=QVR)A(=Pv=Qv=R)JA[(-Rv=PvQ)A(-Rv—Pv-Q)]

& (—.Pv—Qv R) (—|PvﬁQv—|R)/\(ﬁRv—|P\/Q)/\(ﬁRv—'PvﬁQ)

PCNF of S is (—|Pv—|Q\/ R)/\(—PvﬁQvﬁR)/\(—.Pva—'R)
PCNF of —S is (PV—QV—R)/\(PVQVR)/\(—PVQVR)/\(PV—QVR)/\(PVQV—R)

PDNF of s is —( PCNF of —S)
PDNF of S is —|[(Pv—|Qv—|R)/\(Pva R)/\(—PVQ\/ R)/\(PV—|QV R)/\(PVQV—R):'

[(-PAQAR)V(=PA=QA=R)V(PA=QA=R)Vv(=PAQA-R)v(-PA=QAR)]

Example: Obtain the PDNF and PCNF of (P—>Q)A(Q—P).

(P—)Q)/\(Q—)P) = (—|P\/Q)/\(—|QVP)
< ((-PvQ)A—Q)v((=PvQ)AP)

0

(—|P/\—|Q)V(Q/\—|Q)V(—|P/\ P)V(Q/\P)
= ( P/\—|Q)VFVFV(Q/\P)
(

f—

—|P/\—|Q)V(Q/\P)

Therefore PDNF of Sis <—|P A —Q) V (Q A P)
Therefore PDNF of —Sis (—|P A Q) \ ( PA —Q)

Therefore PCNF of Sis —(PDNF of —S) i.e. —|[(—|P/\Q)V(P/\—|Q)] ie. (Pv—-Q)a(—PvQ)

Another method using truth table:

P Q P—q Q—P (P—>Q)A(@—P) Minterms
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T T T T T PAQ
T F F T F

F T T F F

F F T T T —P ~A—Q

The rows 1 and 4 has the truth value T and the corresponding minterms are (P A@) and (=P A—Q)

Therefore PDNF of Sis (—PA—Q)v(QAP) and hence PCNF of Sis (Pv—Q)A(-PvQ)

Example: Obtain the PCNF of (=P —>R)A(Q¢>P).

(=P >R)A(QP) & (PVR)A[(Q>P)A(P-Q)]
& (PVR)A(-QVP)A(-PVQ)
& (PVRVF)A(-QVPVF)A(-PVQVF)
& (PVRV(QA—Q))A(—QVPV(RA=R))A(-PvQv(RA-R))
& (PVRVQ)A(PVRV—Q)A(=QVPVR)A(=QvPV—R)
A(=PVvQVR)A(=PvQv—R)
& (PVRVQ)A(PVRvV—Q)A(-QVvPV-R)

/\(—PVQ\/ R)/\(—P\/QV—R)

Therefore the PCNF is (PvRvQ)/\(PvRv—'Q)/\(ﬂQv Pv—|R)/\(—|Pva R)A(—PVQV—R)

Another method using truth table:

P Q R QP | P —-P—R (_||:> N R)/\(Q o p) Maxterms

T T T T F T T

T T F T F T T

T F T F F T F (—P\/Q\/—R)
T F F F F T F (-PvQVR)

F T T F T T F (PV—|Q\/—|R>
F T F F T F F (Pv—QVR)
F F T T T T T

F F F T T F F (PvQVR)

The rows 3, 4, 5, 6 and 8 have the truth values F. The corresponding maxterms are given above.

Therefore the PCNF is (ﬁPvaﬁR)/\(—.Pva R)/\(PvﬁQv—'R)/\(Pv—'Qv R)/\(PVQ\/ R)

Example: Find the PCNF and PDNF of (P /\Q) Vv (—|P A R) Vv (Q A R) without using truth tables.
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P/\Q)V(—|P/\R)V(Q/\R)

P/\Q/\T)V(—|P/\R/\T)V(Q/\RAT)

(
(

< (PAQA(RV-R))v(-PARA(QV—Q))v(QARA(PV=P))
(PAQAR)V(PAQA—R))v((-PARAQ)V(-PARA=Q))v((QARAP)v(QARA=P))
(

P/\Q/\R)\/(P/\Q/\—R)\/(—P/\R/\Q)\/(—P/\R/\—Q)
The PDNF of S is (P/\Q/\R)V(P/\Q/\—R)V(—P/\R/\Q)V(—P/\R/\ﬁQ)

The PDNF of —S is (ﬁP/\ﬁQ/\—'R)v(—'P/\Q/\ﬁR)\/(P/\—R/\—Q)\/(P/\R/\—|Q)

PCNF of S is —(PDNF of —S)
ﬁ[(ﬂP/\—'Q/\ﬁR)v(ﬂP/\Q/\—'R)v(P/\ﬁR/\—Q)v(P/\ R/\—Q)]

[(Pva R)/\(PV—QV R)/\(—Pv RvQ)/\(—Pv—‘RvQ)]
Example: Find the PDNF and PCNF of [P — (Q A R)] /\[—P - (—|Q A —|R)} without using truth tables.

S<[P—>(QAR)|A[-P—>(-QA-R)]
- Q/\R} [Pv(—Q/\—'R)}

[
[P
(-PvQ)A(=PvR)A(Pv—Q)A(PV—R)
[(
(

=

0

—|PvQ R/\—R)} [(—Pv R)V(Q/\—|Q)}/\|:(PV—|Q)V(R/\—|R)}/\[(PV—|R)V(QA—|Q)}
< (—-PvQv R) (—|Pva—|R)/\(—|Pv RVQ)/\(—P\/ Rv—|Q)/\(P\/—|Qv R)/\(PV—|QV—|R)/\
(Pv=RvQ)A(Pv-Rv-Q)

II

<:>(—|Pva R)/\(—|Pva—|R)/\(—|Pv—|Qv R)/\(PV—|QV R)/\(PV—|QV—|R)/\(PVQV—|R)

PCNF of s is
(—P\/Q\/ R)/\(—P\/Q\/—R)/\(—P\/—Q\/ R)/\(P\/—Q\/ R)/\(P\/—Q\/—R)/\(P\/QV—R)

PCNFof —Sis (PvQVR)A(=Pv—Qv—R)

PDNF of S is —(PCNFof —s) ==[(PvQVR)A(=Pv—Qv—R)]
:(—|P/\—|Q/\—|R)\/(P/\Q/\R)

Alternate Method:
S [P (QnR)JA[P > (-QrR)]
&[-Pv(QAR)|A[Pv(-QA=R)]
& (-PAP)V((QAR)AP)v(=PA=QA-R)v(QARA-QA—R)
& Fv(PAQAR)V(-PA-QA-R)VF

@(PAQAR)V(—‘P/\—'Q/\—R)

14
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PDNF of —sS is
(—P/\Q/\R)\/(—P/\Q/\—R)\/(—P/\—Q/\ R)\/(P/\—Q/\ R)\/(P/\—Q/\—R)\/(P/\Q/\—R)

PCNF of s is —(PDNF of —S)
—[ (-PAQAR)V(=PAQA-R)v(-PA=QAR)v(PA=QAR)v(PA=QA-R)v(PAQA-R)]
(Pv—|Qv—|R)/\(Pv—|QvR)/\(PvQv—|R)/\(—|Pva—|R)/\(—|PvaR)/\(—|Pv—|QvR)

Example: Obtain the PDNF and PCNF of —(P —Q)«>(PA—Q).

~(P->Q)«(PA—-Q) & [~(P>Q)>(PAr=Q)]A[(PA-Q)>—=(P—>Q)]
o [ (P>Q) v (PA-Q) ] A [= (PA-Q)v= (P->Q) |
A= (PAQv (PYQ) ]

=

I
I ) ]
& [ (-PvQ) v (PA=Q) ] A [ (=PvQ)v (PA—Q) ]
I ) ]
[ )
T

Since the given formula is a tautology, we cannot obtain its PCNF. Since the result of the formula
is T, the PDNF will contain all the 4 possible minterms. Therefore the PDNF is

(P/\Q)v(ﬂP/\—|Q)v(—|P/\Q)v(P/\ﬂQ)

Note: Similarly if a given formula is a contradiction, then only PCNF exists.

Theory of Inference:

Let A and B be two statement formulas. Then B logically follows from A (or) B is a valid conclusion
of the premise A iff A— B isatautology and is denotedas A=B.

A set of premises Hl, Hz, ------ Hn derives a conclusion C iff Hl/\H2/\ ------ A Hn =C. This can be
verified by constructing the truth table.

Example: Determine whether the conclusion ¢ : @ follows from the premises H,: P, H,: Pv Q

P c:Q H,: —P H,: PvQ
T T F T
T F F T
F T T T
F F T F

The premises 1, : .p and H,: p\ @ have truth value T in third row and the conclusion is also have
the truth value T in the same row. Hence the conclusion ¢ : @ is valid from the given premises.

15
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This method is tedious for large number of variables. So when a conclusion is derived from a set of
premises by using the rules of reasoning, then such a process is called a formal proof and the argument is
called valid argument. There are three rules of inference.

Rule P : A premises may be introduced at any stage of derivation
Rule T : Aformula S may be introduced in a derivation if S is tautologically implied by the preceding

formulae in the derivation
Rule CP: If @ is derived from P and a set of premises, then p —, @ may be derived from the set of

premises alone.
Note:
e Indirect method or proof by contradiction means, If C is the conclusion, introduce —C as an
additional premises and derive the conclusion as F .
e The premises are inconsistent, if the conclusion(their conjunction) is F . Otherwise consistent.
Example: Give indirect proof of the theorem “If 3n+2 is odd, then N is odd”

Suppose N is even. Let n=2k.

3n+2=3(2k)+2=2(3k +1) = Even, a contradiction.

Hence the given statement is true.

List of rules of implications:

P, P>Q=0Q Modus Ponens
I —-Q, P>Q=-P Modus Tollens
Q P-0Q=0Q
1, P—>Q Q—>R=P—>R Hypothetical Syllogism
|3 P—>Q<—-PvQ Equivalence
I, De Morgan'’s Law
|5 P—>Q < —Q—>—P Contra Positive
|6 P.Q=PAQ Implication
l, P->R Q—R :>(PVQ)—)R Implication
PAQ=P
| Simplification
’ PAQ=Q
P=PvQ
|9 Addition
Q=PvQ
|10 —P, PAQ =Q Disjunction Dilemma
—P, PvQ =Q
1, Disjunctive Syllogism
—Q, PvQ=P
—P=P->0Q
I
12 Q=P->0Q

16
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—~(P>Q)=P

Worked Examples on Equivalence and Implication

Example: Showthat p 50, 0 >-R, R, P\/(R/\S) :>(R/\S)_

Step Premises Rule Reason
1 P—>Q P Given Premises
2 Q—>—R P Given Premises
3 P—>-—R T (1),(2) Hypothetical
4 R——P T (3) Contrapositive
5 R T Given Premises
6 —P T (5),(4) Modus Ponens
7 Pv ( R A S) P Given Premises
8 P> (R A S) T (7) Implication
9 RAS T (6), (8) Modus ponens

Example: Show that S is valid inference from the premises p > _q, QVR, —s > Pand —R.

Step Premises Rule Reason

1 QVR P Given Premise

2 —-Q—>R T (1) Equivalent

3 -R P Given Premise

4 Q T (2), (3) Modus Tollens
5 P—>-Q P Given Premise

6 —P T (4), (5) Modus Tollens
7 S —>P P (6), (7) Modus Tollens
8 S P Given Premises

Example: Show that —|(P /\—|Q), —QvR,-R=-P

Step Premises Rule Reason
1 _|(p /\—|Q) P Given Premises
2 —PvQ T De-Morgan’s Law
3 P—>Q T (2) Equivalence
4 —QVvR P Given Premises
5 Q—>R T (4) Equivalence
6 P—->R T (3), (5) Hypothetical Syllogism
7 —R P Given Premises
8 —P T (6), (7) Modus Tollens

https://doi.org/10.5281/zenodo.15287507
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Example: Show that R\ S follows logically follows from the premises C v D, (C \ D) —-H,

Step Premises Rule Reason

1 (C % D) ——H P Given Premises

2 —-H - (A A —B) P Given Premises

3 (C v D) - (A/\—B) T (1), (2) Hypothetical Syllogism
4 (A/\—B) —)(RVS) P Given Premises

5 (C v D) - ( Rv S) T (3), (4) Hypothetical Syllogism
6 CvD P Given Premises

7 RvS T (5), (6) Modus Ponens

Example: Show that R — S is logically derived from the premises P - (Q —S), —Rv P and

Q.

Step Premises Rule Reason
1 —RVvP P Given Premises
2 R AP Additional Premises
3 P T (1), (2) Modus Ponens
4 P>(Q—S) P Given Premises
5 Q—3S T (3), (4) Modus Ponens
6 Q P Given Premises
7 S T (5), (6) Modus Ponens
R—>S CcP (2), (7)

Example: Show that RA(PvQ) is a valid conclusion from the premises PvQ, Q >R, P> M, =M.

Step Premises Rule Reason
1 —-M P Given Premises
2 P—>M P Given Premises
3 —P T (1), (2) Modus Tollens
4 PvQ P Given Premises
5 -P—>Q T (4)
6 Q T (3), (5) Modus Ponens
7 Q—R P Given Premises
8 R T (6), (7) Modus Ponens
9 RA(PVQ) T (4), (8)

Example: Show that D can be derived from the premises (A—> B) /\(A—> C), —|(B /\C) and (Dv A).

https://doi.org/10.5281/zenodo.15287507
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Step Premises Rule Reason

1 (A—) B)/\(A—)C) P Given Premises

2 (A - B) T (1) Simplification

3 (A—>C) T (1) Simplification

4 —B ——A T (2) Contra positive
—C —>—A T (3) Contra positive

6 (-Bv—C)—>—A T (4), (5) Simplification

7 —|(B/\C) ——A T (6) De Morgan’s Law

8 —|(B /\C) P Given Premises

9 —A T (7), (8) Simplification

10 (DVA) P Given Premises

11 (DvA)A—A T (9), (10) Conjunction

12 (DA—=A)V(AA—A) T (11) Distributive Law

13 (DA—A)VF T (12) Simplification

14 D A—A T (13) Simplification

15 D T (14) Simplification

Example: Showthat(P—>Q)/\(R—>S), (Q—>T)/\(S —>U),—|(T/\U)and P—>R = —P.

Step Premises Rule Reason
1 (P —)Q)/\(R — S) P Given Premises
2 P—>Q (1) Simplification
3 R—S T (1) Simplification
4 (Q —)T)/\(S —)U) P Given Premises
5 Q—>T T (4) Simplification
6 S—->U T (4) Simplification
7 P—>T T (2), (5) Hypothetical Syllogism
8 R—->U T (3), (6) Hypothetical Syllogism
9 P—>R P Given Premises
10 P—->U T (9), (8) Hypothetical Syllogism
11 —U ——P T (10) Contra positive
12 —T >—P T (7) Contra positive
13 (-Tv-U)->-P T (11), (12) Implication
14 —|(T AU ) ——P T (13) De Morgan’s Law
15 —|(T /\U) P Given Premises
16 —P T (15), (14) Modus Ponens

https://doi.org/10.5281/zenodo.15287507
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Example: Apply indirect method, to prove R is the conclusion from the premises p — Q,

Q >R, PVR.
Step Premises Rule Reason
1 —R P Added Premises
2 Q—R P Premises
3 —Q T (2),(1) Modus Tollens
4 P—>Q P Given Premises
5 —P T (4), (3) Modus Tollens
6 PVvR P Given Premises
7 —P—->R T (6) Implication
8 R T (5),(7) Modus ponens
9 F T (1),(8)

Example: Show that the premises A—(B—C), D—>(BA—C) and AAD are inconsistent.

Step Premises Rule Reason
1 AAD P Given Premises
2 A T (1) Simplification
3 D T (1) Simplification
4 A—(B—C) P Given Premises
5 (B—C) P (2), (4) Modus Ponens
6 —-BvC T (5) Equivalent
7 D—(BA—-C) P Given Premises
8 —(BA—C)—>—-D T (7) Contra positive
9 (-BvC)—>-D T (8) Simplification
10 —D T (6), (9) Modus Ponens
11 DA—-D (3), (10)
12 F (11) Implication

Example: Show that the premises R > -Q, RvS, s> _-Q, P> Q = —P are inconsistent by indirect

method.

Step Premises Rule Reason
1 P P Added Premises
2 R—>—-Q P Given Premises
3 RvS P Given Premises
4 S —>-Q P Given Premises
5 P—>Q P Given Premises
6 —Q ——P T (5) Contra positive
7 —R—S T (3) Implication

https://doi.org/10.5281/zenodo.15287507
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8 —R —> —=Q T (4), (7) Hypothetical Syllogism
9 —R—>—P T (6), (8) Hypothetical Syllogism
10 P—->R T (9) Contra positive

11 R T (1), (10) Modus ponens

12 Q T (1), (5) Modus ponens

13 —R T (2), (12) Modus Tollens

14 F T (11), (13) Implication

Example: Using derivation process prove that s > @, RvS, =R, -R«<>Q = —P.

Step Premises Rule Reason
1 S —>-Q P Given Premises
2 RvS P Given Premises
3 —R—>S T (2) Equivalent
4 -R->-Q T (3), (1) Hypothetical Syllogism
5 -R P Given Premises
6 —Q T (5), (4) Modus ponens
7 —R<Q P Given Premises
8 —-R—>Q T (7) Equivalent
9 —-Q—>R T (8) Equivalent
10 R T (6), (9) Modus Ponens
11 RA—-R=F T (5), (10) Conjunction
12 —P T (11) Contradiction = Any
formula

using conditional proof.

Include A as an additional premise and derive —D.

Step Premises Rule Reason
1 A P Additional Premises
2 A—BvC P Given Premises
3 BvC T (1), (2) Modus Ponens
4 -B—>C T (3) Equivalence
5 B—>—A P Given Premises
6 A——B T (5) Contra positive
7 A—C T (6), (4) Hypothetical Syllogism
8 D—>-C P Given Premises
9 —Dv—-C T (8) Equivalence
10 —D T (9) Addition
11 A—-D CP (D), (10)

Example: Using conditional proof, prove that -PvQ, -QVvR, R >s =P >SS,

https://doi.org/10.5281/zenodo.15287507
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Include P as an additional premise and derive S .

Step Premises Rule Reason
1 P P Additional Premises
2 —-PvQ P Given Premises
3 P-Q T (2) Equivalent
4 Q T (1), (3) Modus Ponens
5 -QVR P Given Premises
6 Q—>R T (5) Equivalent
7 R T (4), (6) Modus Ponens
8 R—S P Given Premises
9 S T (7), (8) Modus Ponens
10 P—>S CP (1), (9)

Validity of Arguments

Often we come across arguments expressed in sentences. The premises can be represented in symbols
and can be verified the validity of the arguments. An argument is valid if and only if the conjunction of
premises implies the conclusion.

Method to test validity
e Construct truth table showing the truth values of premises and conclusion
¢ Find rows in which all premises and conclusion is true. Then the argument is valid.
e Ifatleast one row contains T for premises and conclusion is F, then the argument is invalid.

Example: If 7 is a prime number, then 7 does not divide 35. 7 divides 35. 7 is not a prime number.

Let P : 7isaprime number Q : 7divides35 C:—P:7isnotprime

The premises are P — —Q, Q and the conclusion is —P

Let us now construct truth table: By using rules of Implications.
T T F F F 2 Q Rule P
T = T T E 3 -P Rule T(1) (2)
Modus Tollens
F T F T T
F F T T T

P — —Q and Q are both true only in the
third row and in that row —P is also true. Hence

P—)—lQ,Q:ﬁP

Example: By using truth tables verify whether the following specifications are consistent:

Whenever the system software is being upgraded users cannot access the file system. If users can access
the file system, then they can save new files. If users cannot save new files then the system software is
not being upgraded.

Let P : The system software is upgraded
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Q : Users can access the system
R : Users can save the new files

The given premises are : P— —|Q, Q —->R, RH>—P
We have to prove the statement S E(P —>—|Q) A (Q - R) A (—R —>—|P) is consistent.

p |l o | rR|p| Q| _r| PN Q>R | =R5=P | 4y 9~ ®
(1) (2) (3)
Tt 1| | F|F F T T F
T | T | F | F F T F F F F
Tl el T | T |F T T T T
Tl e e | | T |7 T T F F
F T T T F F T T T T
FlT el T | F |7 T F T F
F F T T T F T T T T
F F F T T T T T T T

Therefore the premises are consistent.

Example: Test the validity of the following argument: If I study, I will pass in the examination.
If I watch TV, then I will not study. I failed in the exam. Therefore I watched TV.

Let P : I will passin the examination S : [will study w : I watch TV

The given premisesare: S —->P, W ——-S, —P, c:w

W S P —P —S SH>P | W->-§
T T T F F T F
T T F T F F F
T F T F T T T
T F F T T T T
F T T F F T T
F T F T F F T
F F T F T T T
F F F T T T T

In the last row, premises are True but the conclusion is false. Hence the arguments are not valid.

1 S—>P Rule P
2 —P Rule P
3 —S Rule T (1), (2)
4 W ——S Rule P
5 W Rule T (3), (4)

Therefore the given arguments are not valid.

Example: Test the validity of the arguments: If 5 is a prime number, then 5 does not divide 15.
5 divides 15. Conclusion: 5 is not a prime number.

P: 5isaprime number Q: 5divides 15

The given premisesare: p > Q, Q & C: —P

1 Q Rule P
2 P——QRule P
3 Q—H>—P Rule T (2)
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4 P Rule T (1), (3)

Therefore the given arguments are not valid.

Example: Prove that whenever AAB = C, we also have A= (B —C) and vice versa.

Assume that AAB=C Conversely assume that A= (B —C)
Toprove A=(B—C) To prove AAB=>C. Suppose that it s false.
Suppose that A is true and (B —C) is false. Hence AAB istrue and C is false.

Hence A istrue and B —C is false.
This contradicts our assumption.

Hence B mustbe true and C must be false.
Thus AA B is true where as C is false.
This contradicts our assumption.

Example: Prove that \/E is irrational by giving a proof by contradiction.

Suppose \/§ is rational.

Therefore V2 = — where P, Q are integers having no common divisor and Q #0......(1)

. P? = Even Number

i.e. P = Even Number
Let P =m for some integer m.

From (2), (2m)? = 2Q?
Q2 = 2m?
Q? = Even Number
Q = Even Number

Since P and Q are even number, they have common factor 2.

This is a contradiction to (1). Therefore /2 is irrational.

Example: Show that 3—\/5 is irrational number.

Suppose 3-+/2 =R is arational number. Then v2=3-R.
Since 3, R are rational, 3—R is rational and hence \/5 is rational. This is a contradiction to the fact that
\/E irrational. Therefore 3—\/§ =R isirrational.

Example: Show that the following premises are inconsistent. “If Ram misses many classes through
illness then he fails high school. If Ram fails high school then he is uneducated. If Ram reads a
lot of books then he is not uneducated. Ram misses many classes through illness and reads a

lot of books.
Let P : Ram misses many classes Q: Ram fails high school
R : Ram reads lot of books S : Ram is uneducated

Premises are P—>Q, Q—>S, R—>=S, PAR

Step Premises Rule Reason
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1 P->Q P Given Premises

2 Q-S P Given Premises

3 P—>S T (1), (2) Hypothetical Syllogism
4 R——=S P Given Premises

5 S—>—R T (4) Contra Positive

6 P——R T (3), (5) Hypothetical Syllogism
7 —Pv—-R T (6) Implication

8 —(PAR) T (7) Implication

9 PAR P Given Premises

10 | (PARA=(PAR) | T | (8),(9

11 F T (10) Implication

Example: Show that “It is rained” is a conclusion obtained from the statements. “If it does not rain or if

there is no traffic dislocation, then the sports day will be held and the cultural will go on”. “If the sports
day is held, the trophy will be awarded” and “the trophy was not awarded.”
Let P : Itrained Q: There is a traffic dislocation
R : Sports day held S : Cultural programmes goes on T : The trophy is awarded

Premises are (—-Pv—Q) —>(RAS), R—T, —T and conclusion C: P

Step Premises Rule Reason
1 T P Given Premises
2 R—>T P Given Premises
3 -R T (1), (2) Modus Tollens
4 (-Pv—Q)—(RAS) P Given Premises
5 —(RAS)—>—=(—Pv—-Q) T (4) Contra Positive
6 (-Rv—=S)—=>(PAQ) T (3), (5) Hypothetical Syllogism
7 —Rv —S T (3) Addition
8 PAQ T (6), (7) Modus Ponens
9 P T (8) Simplification

Example: Prove that the statements PAQ =R —>S and PAQ AR = Sare equivalent.

PAQ=R—>S < (PAQ)—(R—S) isatautology
= [(P AQ)/\R]—)S is a tautology
= (P/\Q/\R):>S

Example: If the premises P, Q and R are inconsistent, prove that —R isa conclusion from P and Q.

Given that PAQAR=F . We have to prove PAQ = —R

Assume that P AQ is true and on the contrary —R is false.

Therefore R is true and hence P AQ AR is true, which is a contradiction.
Therefore —R is true and hence PAQ = —R..
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Predicates:

2
Consider the statements of the form X—9=0, X"=2X-1=0, x>100 etC. We can not conclude that these

are true or false as the values of X are not known. If X is replaced by a real number, the above statements
becomes propositions. Such statements are called predicates and the symbol X is called the variable.

Let us consider two statements: 1. Ramu is clever 2. Seetha is clever

It requires 2 different symbols to denote them. But it will not reveal the common features of these
statements (clever). Now we introduce a common symbol to denote ‘is clever’ and a method to join it
with names of individuals. The part ‘is clever’ is called ‘predicate’. Predicate is denoted by capital letters

and individual person is denoted by small letter.

Here the predicate ‘is clever’ is denoted by C and Ramu by r and Seetha by S. Now the given statements
can be symbolized as c(r) and c(s). The predicate c(x) is a statement only if X is assigned some

names.

When a quantifier is used on a variable X? when we have to assign a value to this variable to get a
proposition, the occurrence of the variable is said to be bound.

An occurrence of a variable that is not bound by a quantifier or that set is equal to a particular value is
said to be free.

Statement Function and Variables

A simple statement function of one variable consisting of predicate symbol and an individual variable.
Example: m(x): xisaman. R(x): x is arational number greater than 10.

We can also combine one or more statement function using logical connectives to form compound
function.

Example: M (x): x isaman, H(x): x ismortal and T (x): x is tall.
Then M (x) AH (X)), M (x)— H(x), =T (x) etc.

Example: s(x,y) : X isgreaterthany.

Quantifiers:
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Consider the following propositions involving a specified number of objects.

1. Some men are human 2. For everyreal number X, x> >0 3. Atleast one student is interested in
logic 4. There exists a function whose integration is e*.

» o« » o«

The word of type “For every”, “For at least”, “There exists an”, “Some” etc., are said to quantify the
propositions.

Universal Quantifier

The expression for all, some, none, exists, at least one is called the Universal quantifier and is denoted by
v . All men are mortal is denoted by (VX)(M (x)—>H (X))

Existential Quantifier

The expression ‘for some’, ‘there exists’ is called existential quantified and is denoted by 3. Some men
are tall is denoted by (3X)(M (X) AT (X)) .

Connectives involving quantifiers
The predicate prefixed by a quantifier is called a quantified predicate. The connectives like negation,

disjunction, conjunction, conditional and biconditional can be used in quantified predicates to form a new
predicates.

Examples: (3X)P(X)v(¥X)Q(x), (¥X)P(X)A(Ix)Q(x), (3x)P(x) =>(¥x)Q(x)

Negation of a quantified statement

The following rules are used to find the negation of a quantified predicates.
. —=(3x)P(x) =(Vx)—P(x) ii. =(Vx)P(x) =(3x)-P(x)

Symbolic form of the quantified statements:

1. Some men are honest

M (x): x iSaman H (x): x is honest

There exists a man who is honest (HX)(M (X)AH (X))

2. No cats has a tail

C(x): x is a cat T(X): x has a tail

Forall X, if X isa catthen X has no tail. (VX)(C(X) —)—|T(X))

3. Someone is teasing

T(x): x is teasing P(x): x Xis person

There is one X such that X is a person and X is teasing (EX)(P(X)/\T(X))

4. All babies are innocent

B(x): x is a baby I(x): x is innocent
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Forall X, if X is ababy then X is innocent. (VX)(B(X)—) |(X))

5. Some people who trust others are rewarded

P(x): x iSaperson T(x): x trust others R(x): x is rewarded

There is some X such that X is a person, X trust others and X is rewarded (HX)( P(X) AT (X) A R(X))

6. If any one is good, then John is good

P(x): x iSaperson G(x): x is good G(j): Johnis good

If there is one X such that X isa person and X is good, then John is good (3X)((P(X) /\G(X)) —>G(J))

7. He is ambitious or no one is ambitious

A(x): x is ambitious P(x): x 1S person

X is ambitious or for all X, if X is a person then X is not ambitious A(X) \ (VX)(P(X) - —|A(X))

8. Itis not true that all roads leads to Rome.

R(x): x isaroad L(x): x leads to Rome

Negation of all roads leads to Rome —{(VX)(R(X) - L(X))]

9. Express the statement “For every X there existsa y such that x*+y®>100" in symbolic form.

(vX)(3y)(x* +y* 2100)

10.  Write the statement “Every one who likes fun will enjoy each of these plays” in symbolic form.

L(x): x likes fun P(x): x is a play E(X,y): X will enjoy Yy

There exists a man who is honest (VX)(VY)(L(X) AP(y) > E(x, Y))

11.  Write the statement “Every one who is healthy can do all kinds of work” in symbolic form.

H (x): x is healthy W (x): x is a kind of work D(x,y): x cando y

Symbolic form (VX)(VY)( H(x) /\W(Y)) —D(x,Y)

12. Let m(x): xisamammal. Let a(x): xis an animal. Let w (x): x is warm blooded
Symbolize the statement: Translate into a statement
“Every Mammal is warm blooded” (3X) (A A—=M (X))
(VX)[M () _>W(X)] There are some animals that are not mammals

Universe of discourse:

We can restrict our discussion to a particular set of objects or persons. Such a restricted class is called
the universe discourse.

Example: Symbolize the following statements using and without using universe of discourse.
(a) All men are mortal (b) some men mortal

Without universe of discourse With universe of discourse
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M (x): x 1S aman Let S be the set of all human beings
H (x): x is mortal H (x): x is mortal

(a) Given ‘forall X, if X is a man then X is mortal’

(VX)(M(x) > H(x)) (Vx)H(x)

(b) Given ‘There exists some X such that X isamanand X is mortal
(3X)(M(X) AH(x)) (I)HX)

Example: Translate the following where the universe is the set of all people and

C(x): x is acomedian F(x): x is funny

(¥x)(C(x) > F(x)) = All comedians are funny
(VX)(C(X) A F(X)) = All are comedians and funny
(3X)(C(X) > F(x)) = Some comedians are funny

(3X)(C() AF(x))
Example: R(x,y): x+y = y+ x. What is the truth value of the quantifier (VX)(VY) R(X,Y), where the
Domain is the set of real numbers.

Some are comedians and funny

The condition x+y = y+ x for all real numbers. Therefore the truth valueis T .
Example: Let p(x) denotes the statement x >3. What is the truth value of p(2)?

Here p(2): 2 > 3. Itis False.

Example: Let Q(x,y) denote the statement x = y + 3. What is the truth value of the proposition @(3,0)?

Given Q(X,y) : x=y+3
Q(3,0) : 3=0+3. Itis True.

Example: Forall X, there exists some y such that x+y=o.
If x=2, y=-2, x+y=0. Hence the truth valueis T .

Example: Let the universe of discourse be E ={5,6,7}. Let A={5,6} and B={6,7}.
Let P(X): X isin A; Q(X): X isin B and R(X,y):X+Yy<12. Find the truth value of

(3X)[P(x) = Q(x)] > R(5,6).
R(5,6):5+6=11<12 is true.
P(5) is true and Q(5) is false. Therefore P(5) = Q(5) is true.

P(6) is true and Q(6) is true. Therefore P(6) — Q(6) is true.
P(7) is false and Q(7) is true. Therefore P(7) — Q(7) is true.

<3X)[P(X) —)Q(X)] is true.
. (Z)[PX)>Q(x)] > R(5,6) is true.
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Example: Find the truth value of (x)(P —Q(x))v (3X)R(x) where P:2>1, Q(x):X>3, R(X):X >4, with
the universe of discourse E being E ={2,3,4}.

P is true and Q(4) is false. Hence P — Q(4) is false. .. (x)(P —Q(x)) is false.

Since R(2), R(3), R(4) are all false (IX)R(X) is also false.

Hence (x)(P —Q(x))v (3X)R(x) is false.

Example: Give an example in which (3X)[P(X) - Q(X)] is true but ( (HX) P(X)) —>( (HX)Q(X)) is false.
Let the universe of discourse be E ={3, 4,6}

Let P(x):x<5; Q(X):x>7.

P(3) is true. (3X)P(X) is true. Forany X in E, Q(X) is false.

Hence ( (HX) P(X)) —>( (EX)Q(X)) is false.

P(6) is false and Q(6) is false. Therefore P(6) — Q(6) is true.

Therefore (EX)[P(X) —>Q(X)] is true.

Demorgan’s Law: —|(VX) P(x) & (EIX)—P(X) and —|(E|X) P(x) & (VX)—P(X)

Negation of Quantified Statements

Example: Negate the following statements:
a. All cities in India are clean b. Some men are honest
c. Some birds cannot fly c. Nodogis intelligent

a. Forall X, X isacity in India, then X is clean.
Co: x isacity  and  L(x: x is clean then (VX)(C(X) = L(x))

—(¥x)(C(x) > L(x)) < (3x)=(C(x) > L(X))
& (3X)=(-C(x) v L(x))
= (HX)(C(X) /\—|L(X)) i.e. some cities in India are not clean

b. There exists some X, X isaman, and X is honest.

M(0:x isaman  and  H(o: x ishonest  then (3X)(M(x)AH(x))

—(IX) (M) AH (X)) < (VX)=(M(X) AH(X))
& (VX) (=M (X) v—H(x))
& (VX)(M (xX) >—H (X)) i.e. All men are not honest.

c. There exists some X, X isa bird, and X cannot fly.
B(x): x isabird and F(x): x canfly then (HX)(B(X)/\—'F(X))

—(3X)(B(X) A=F (X)) < (¥x)=(B(X) A—F(x))
& (Vx)(-B(x)v F(x))
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& (VX)(B(X) > F(X)) ie. Allbirds can fly.

d. Itis nottrue that, forall X, X is a dog, then X is intelligent.
D(x): x is a dog and  1(x): x isintelligent then —|(VX)(D(X) — | (X))

_'_‘(VX)(D(X) — 1 (X)) < (VX)(D(X) — 1 (X)) i.e. all dogs are intelligent

Example: Express the negations of the following statement using quantifiers and in statement form.
“No one has done every problem in the exercise”.

D(X,Y) : X has done problem vy .
Given statement is (—3X)(Vy)D(X, Y)

Negation of the statement: Someone has done every problem in the exercise.

Symbolic form: (3X)(Vy)D(X,Y)

Example: Symbolize the following statement with and without using the set of positive integers as the
universe of discourse. “Give any positive integer, there is a greater positive integers”.

Let UOD is the set of integers. Suppose we do not impose the restriction on
Let the variables X and y be in the set of uoD

integers. Let p(x): x is positive integer

Let G(X,Y): X is greater than vy . Symbolic form:

Symbolic form: (VX)(FX)G(X, y) (V) (P(x) = @) (P(Y) AG(x,Y)))

Example: Use quantifiers to say that J5 is not a rational number.

Let p(x): x isa prime number.  Let Q(x) :JX is square root of prime number
Let rR(x): Rational number forall X.

Q(x) = —R(x) i.e. Square root of every prime number is not rational.

Theory of inference for predicate calculus:

The following equivalence formulas can be used to derive the conclusion.

(VX)A(X) = AY) Rule Us A(Y) = (VX)A(X) Rule UG

(3X)AX) = A(Y) Rule ES A(Y) = (3X)AX) Rule EG

Example: Verify the validity of the inference: If one person is more successful than other, then he has
worked harder to deserve success. John has not worked harder than Peter. Therefore, John is not
successful than Peter.

Solution: Universe : All persons
S(X,Y) : X is more successful than y
W(X,Y) : X has worked harder than y to deserve success

a: John and D: Peter

The premises are (VX)(VY)[S(X, y) =>W(X, Y)], —W(a,b) and conclusion C:—S(a,b)
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1 -W (a,h) Premise

2 (VX)(VV)[S(Xa y) > W(x, Y)] Premise

3 (vy)[S(a,y) »>W(ay)] US and (2)
4 [S(a,b) >W(ab)] US and (3)
5 —S(a,b) From (1) & (4)

Example: Show that the premises “One student in this class knows how to write programmes in JAVA
and everyone who knows how to write programmes in JAVA can get a high paying job” imply the
conclusion “Someone in this class can get a high paying job”.

Solution: Universe : All students
C(X) : X is in this class
J(X) : X knows JAVA programming
H(X): X can get a high paying job

The premises are (3X)[C(X) A (X)], (VX)[J (x)>H (X)] and conclusion C : (3x)[C(x) AH (X)]

1 (I)[C)AIX)] Premise

2 C@)ad(a) ES and (1)

3 C(a) From (2)

4 J(a) From (2)

5 (¥X)[I(x) > H(x)] Premise

6 J(@)—>H(a) US and (5)

7 H(a) From (4) and (6)
8 C(a)aH(a) From (3) and (7)
9 (3x)[C() AH(X)] EG and (8)

Example: Verify the validity of the argument: Lions are dangerous animals. There are lions. Therefore
there are dangerous animals.

Let L(x): x isalion and D(x): x is a dangerous animal.

Then the premises are (X)( L(x) —> D(X)) and (3x) L(x) and the conclusion is (3x) D(x)

Step Premises Rule

1 (x)(L(x) > D(x)) P

2 L(y) — D(y) T,Us,(1)
3 (3) LX) P

4 L(y) T, ES,(3)
5 D(y) T,(2),(4)
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6 (3%) D(x) T, EG,(5)

Example: Verify the validity of the argument: All men are mortal. Socretes is a man Therefore Socretes
is a mortal.

Let m(x): xisamanand R(x): x isamortal. $:Socretes. Then the premises are
(X)(M (x) > R(X)), M (s) and the conclusionis Rgs).

1 (x)(M(X) >R(X)) Rule P

2 M (s) — R(s) Rule Us, (1)
3 M (s) Rule P
4 R(s) Rule T (2),(3)

Hence the given argument is valid.

Example: Show that (VX)P(X) = (3X)P(X) is logically valid statement.

If (VX)P(X) is true in some particular universe, then the universe has at least one object a in it and P(b)
is true statement for every b in the universe. In particular P(a) must be true. Then (IX)P(X) is true.
Therefore (VX)P(X) = (IX)P(X) is valid.

Example: Give an example to show that (3x)( A(x) A B(x)) need not be a conclusion from (3X)A(X) and
(IX)B(x).

Let A(x): xe A and B(x): x< B. Let A—g3 and B={2}. Since A and B are non empty, (3X)A(X) and
(3X)B(X) are both true. But (3x)( A(x) A B(x)) is false since A~B=g.

Example: For the following set of premises, explain which rules of inferences are used to obtain
conclusion from the premises. “Somebody in this class enjoys whale watching. Every person who enjoys
whale watching cares about ocean pollution. Therefore, there is person in this class who cares about
ocean pollution”.

Universe of discourse : Set f students in the class
Let E(x): xenjoys whale watching o(x): x cares about ocean pollution

Then the premises are (IX)E(X), (vx)(E(x) —O(x)) and conclusion is (IX)O(X).

1 (IX)E(x) Rule P
2 E(a) ES, (1)
3 (vx)(E(x) - O(x)) Rule P
4 E(a) > O(a) Us, (3)
5 0(a) Rule T, (2), (4)
6 (3x)O(x) EG, (5)

Example: Prove that (3x)M(x) follows logically from the premises (X)( H(x)>M (X)) and (Ix)H(x) -

1 (3X)H (%) Rule P

2 H(a) ESand (1)
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3 (X)(H(X)>M(X)) RuleP

4 H(a) > M(a) US and (3)
5 M) Rule T, (2), (4)
6 (MK EG and (5)

Example: Prove that (3x) A(x) > B < (V¥x)A(x) > B

Suppose that (3x) A(x) — B is true and assume that (x) A(x) — B is false.

Hence A(a) — B is false for some a.

Therefore is A(@) true and B is false.

Since A(@) is true (3x) A(x) is true.

Therefore (3x) A(x) - B must be false, which is contrary to our assumption.

This proves that (vx) A(x) — B is true.

For the reverse implication suppose that (x) A(x) — B is true and assume that (3x) A(x) — B is false.
Therefore (3x) A(x) is true and B is false.

Therefore A(a) is true for some a.

Therefore A(a) = B is false

Hence (x)A(x) — B is false, which is contrary to our assumption.

This proves that (3x) A(x) — B is true.

Example: Prove that (x)[H(x) = A(X)]= ()@Y)(H(Y) AN(X, ¥)) = @y)(A(Y) AN(X,Y))

Assume that (x)[H(x) —> A(X)] is true and (x)(Jy) (H(y) AN(x,¥)) = @y) (A(y) AN(x,y)) is false.
Hence for some @ in the universe discourse (3y)(H(y) AN(a,y)) = 3y)(A(y) AN(a, y)) is false.
This is again implies that (3y)(H(y) A N(a,y)) is true and (Jy)(A(y) A N(a,y)) false.
i.e. (H(b) A N(a,b)) is true for some b ......(1) and (vy)—(A(y) AN(a,y)) is true.

i.e. =(A(D) AN(a,b)) istrue.

i.e. (A(b) AN(a,b)) is false......(2)
From (1), H(b) and N(&,b) is true and from (2) A(b) is false.
Therefore H (D) > A(b) must be false.

But this cannot happen since we assumed that (x)[H(x) — A(x)] is true. This proves the given statement.
Example: Show that (X)( H(x) >M (X)) AH(s)=M(s)

1 (X)(H(X) > M(x)) Rule P
2 H (s) — M (s) Rule US, (1)

3 H (s) Rule P
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4 M (s) Rule T (2), (3)
Example: Show that (X)(P(X) =>Q(X)) » (X)(Q(X) > R(X)) = (X)(P(x) > R(x))

1 (X)(P(X) >Q(x)) Rule P

2 P(y) = Q(Y) Rule USs, (1)
3 (X)(QX)—>R(X) Rulep

4 Q(y) — R(Y) Rule US, (3)
5 P(y) — R(Y) Rule T, (2), (4)

6  (X)(P)>R(X) Rule UG, (5)

Example: Show that (HX) M(X) follows logically from the premises (X)( H(x) > M (X)) and (EIX) H(x)
(or) Is the following conclusion validly derivable from the premises given? If (VX)( P(X) - Q(X)),

(3y)P(y) then (32)Q(2).

1 (IHE) Rule P

2 H(y) Rule ES, (1)
3 (X)(H(X) > M(x)) Rule P

4 H(y) > M(y) Rule US, (3)
5 M (y) Rule T, (2), (4)
6  (IM(x) Rule EG

Example: Prove that (HX)( P(x) »> Q(X)) = (HX) P(x) A (3X)Q(X)

1 (3%)(P(x) >Q(X)) Rule P

2 P(y) —> Q(Y) Rule ES, (1)

3 P(y) Rule T, (2) PAQ=P,Q
4 (3x)P(x) Rule EG, (3)

5 o) Rule T, (2)

6  (X)Qx) Rule EG, (5)

7 (3x)P(X) A(3X) Q(x) Rule T, (4), (6)

Example: Use conditional proof to prove that (VX)[P(X) —>Q(X)] = (VX)P(X) = (Vx)Q(x)

We assume (VX)P(X) as an additional premise and derive (VX)Q(X).

1 (VX)P(x) Additional Premise
2 P(a) Us, (1)
3 (VX)[P(x) >Q(x)] Rule P
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4 P(a) >Q(a) Us, (3)
5 Q(a) Rule T, (2), (4)
6 (VX)Q(x) UG, (5)

Example: Prove that (HX) P(x) = (X)Q(x) = (X)[P(X) —>Q(X)]
Assume that (HX) P(X) = (X)Q(X) is true and (Q[P(x) > Q(x)] is false.
ie. P(a)>Q(a) is false for some a in the UOD.

ie. P(a) mustbe true and Q(2) must be false.

ie. (3x)P(x) istrue and (X)Q(X) is false.

(3X)P(x) > (x)Q(X) is false.

This proves that the given statement is true.

Alternate Method:
1 (IX)P(X) > (x)Q(X) Rule P
2 =((3) F’(X))v ((0)Q(X)) RuleT, (1)

3 (WX)=P(X)v(x)Q(X) Rule T, (2)
4 (VX)[ﬁP ) vQ(x ] Rule T, (3)
5 (VX)[P(X) >Q(x)] Rule T, (4)

Example: Prove that (HX)(P(X)\/Q(X)) o (HX)(P(X))V(HX)(Q(X))

Assume (HX)(P(X) \/Q(X)) is true. = P(a) v Q(a) is true for some a.

= P(a) is true of Q(a) is true.
= ()P() or (39009
= (I)(PX)) v (3)(Q)
Conversely assume that (3X)(P(X))v(3x)(Q(X)) is true.

= (I)P(X) is true, or (3x)Q(x) is true

If (HX) P(X) is true, P() is true for some a. If (HX)Q(X) is true, Q(Q) is true for some a.
ie. P(@)vQ(a) is true ie. P(a)vQ(a) is true
i.e. (HX)(P(X)VQ(X)) is true i.e. (HX)(P(X)VQ(X)) is true

Example: Prove that (HX)(P(X) /\Q(X)) = (HX)(P(X))/\(EX)(Q(X))
1 (3X)(P() AQ(x)) Rule P

https://doi.org/10.5281/zenodo.15287507

36



2 P(y) AQ(Y) ES, (1)

3 P(y) From (2)
4 Q(y) From (3)
5 3xP(x) EG, (3)

6 xQ(x) EG, (4)

7 (IX)(P(X))A(IX)(Q(X))  From (5), (6)

Example: Using indirect method of proof, prove that (X)(P(X) \ Q(X)) > (X) P(x) v (HX)Q(X)

We assume —{(X) P(x)v (EIX)Q(X)J as additional premise and arrive at a contradiction

Step Premises Rule

1 —{(X) P(x)v (3 )Q(X)J P, Additional Premise

2 (ElX)—P ( ) (x) T, De Morgan’s Law, (1)
3 (3x)—P(x) T,PAQ=P, (2)

4 (x)—Q(x) T,PAQ=0Q, (2)

5 —P(y) T, ES,(3)

6 ~Q(Y) T,US,4)

7 —P(y) A—=Q(Y) T, (5),(6)

8 ﬁ[P(y)vQ(y)] T, De Morgan’s Law, (7)
9 (X)(PX)vQ(X)) P

10 P(y) v Q(Y) T,uUs,(9)

11 S[POVAWIA[POVAW)] T, (7, (10)

12 F T,(11)

Example: Using indirect method of proof, prove that (X)( P(x) - Q(X)) /\(HY)Q(y) = (HZ)Q(Z)

We assume —|(E|Z)Q(Z) as additional premise and arrive at a contradiction

Step Premises Rule

1 —(32)Q(2) P, Additional Premise
2 (vz)-Q(z) T,(1)

3 —Q(a) T, US, (2)

4 (3y)P(y) P

5 P(a) T, ES, (4)

6 P(a) A —Q(a) T.,(3)(5)
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7 —[P(a) »Q(a)] T, (6),

8 (X)(P(x) >Q(x) P

9 P(a) — Q(a) T,Us,(8)
10 [P@) > Q@]A—[P@)—->Q@)] 7,7,
11 F T,(10)

Example: Using CP obtain the following implication (X)(P(X) — Q(X)), (X)(R(X) —>—|Q(X))
= (X)(R(x) > —P(x))

In conditional method, we assume r(x) as additional premise and we derive —p(x).

Step Premises Rule

1 (x)(P(x) > Q(x)) P

2 P(y) = Q(y) T,Us,(1)

3 (x)(R(X) >—Q(x)) P

4 R(Y) = —Q(y) T, Us, (3)

5 (IR(X) P

6 R(Y) T,(05)

7 —Q(y) T, (4), (6)

8 —P(y) T,(2),(7)
9 ()—P(x) T,(8)

Example : Prove that (X)( P(x) - Q(X)) , (X)(R(X) —>_'Q(X)) = (X)(R(X) _>_'P(X))

1 (x)(P(x) > Q(x)) Rule P

2 P(a) > Q(a) US (1)

3 (X)(R(¥) >—=Q(x)) Rule P

4 R(a) > —Q(a) UsS (3)

5 Q(a) > —R(a) (4) & (5) Contra Positive
6 P(a) »—R(a) Rule T (2), (5)

7 R(@) »—P(a) (6) = (7)

8 (X)(R(X) ==P(x)) UG (7)

Example : Prove that (X)( P(x) > (Q(y) A R(X))), (ElX) P(x) = Q(y) A ElX( P(X) A R(x))
1 (X)(PO)—>(Q) AR(X)) Rule P
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2 (P@—-(QY)AR@)) s (1)

3 (3X)P(x) Rule P

4 P(a) ES, (3)

5 Q(y)AR(a) From (4), (2)
6 Q(y) From (5)

7 R(a) From (5)

8 P(a)AR(a) From (4), (7)
9 A(P(X) AR(X)) EG, (8)

10 Q(Y)AIX(P(X)AR(X))  From (6), (9)

Example : Show that the conclusion (VX) P(X) - —|Q(X) follows from the premises
(IX)(P(X) AQM)) = (¥Y)(R(Y) = S(¥)) and @y)(R(y) A—S())-

1 QAy)(R(Y) A=S(y)) Rule P

2 R(@) A—S(a) ES, (1)

3 —R(@) - S(a) Rule T, (2)

4 @y)—(R(Y) > S(¥)) EG, (3)

5 —(vy)(R(y) = S(y)) Rule T, (4)

6 (3X)(P(X) AQ(X)) = (Wy)(R(Y) >S(Y)) RuleP

7 —(3IX)(P(x) AQ(x)) Rule T, (5), (6)

8 (¥x)—(P(x) AQ(x)) Rule T, (7)

9 —P(x) AQ(X) Us, (8)

10 P(x) > Q(x) Rule T, (9)

11 (VX)[P(X) >-Q(X)] UG, (10)
EXERCISE

1. Show that (—P /\(—lQ A R)) \% (Q N R) \% ( PA R) <R , without using truth table.

2. Show that (P \% Q) A —|<—|P A (—|Q \% —R)) \% (—|P N —|Q) \% (—P A —|R) is a tautology without using
truth table.

3. Show that R /\( P \/Q) is a valid conclusion from the premises PvQ, Q >R, P >M,[I M .

4, Show that R —» S is logically derived from the premises P —>(Q - S), —RVP and 0.

5. Show that (( PvQ) /\—l(—P A(—Qv —R)))v (=P A—=Q)v (=P A—R) is a tautology by using
equivalences.

6. Using indirect method, show that RvS, R >-Q,S >—-Q, P >Q = —P.
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10.

11.

12.

13.

14.
15.

16.

17.

18.

19.
20.

21.
22.

Show that R — S is logically derived from the premises P —>(Q - S), —RVP and Q-

Show that using Rule C.P,, _pvQ, - QVR,R—>S =P S

Show that (( PvQ)a —.(—|P A(—Qv —R))) v (=P A=Q)v (=P A—R) is a tautology by using

equivalences.

Without constructing the truth tables, obtain the PDNF of (—|P - R) /\(Q A P).
Obtain the PCNF of the formula (—P - R) /\(P - Q) /\(Q - P)

Find the PDNF form of (P A Q) \% (—|P A R)\/ (Q A R) without using truth table. Also find its PCNF

form.

Obtain the PCNF and PDNF of (—P - R) /\(Q © P) by using equivalences.

Find the PCNF of (P \4 R) /\(P Vv —lQ) Also find its PDNF, without using truth table.

Let M (x): x iIsaman. R(x): x is mortal. Produce the suitable English statement for the
following: (1) (YX)(M(X)>—-R(X)) (2) (FK)(MX)AR(X))

Show that the following set of premises is inconsistent:

If war is near then the army would be mobilized. If the army has mobilized then the labor costs
are high. However the war is near and yet the labor costs are not high.

Verify the validity of the argument. “Every living thing is a plant or an animal”. John’s gold fish is
alive and it is not a plant. All animals has hearts therefore, John'’s gold fish has a heart.

Using CP rule, prove the following argument:

(¥X)P(x) > Q(x), (Vx)(R(X) >=P(x)) = (¥x)(R(X) =>—P(x)).

Show that (X)[ P(X) = Q(X)| A (X)[Q(x) = R(X)|= (X)[P(x) = R(x)].
If the universe of discourse consists of all real numbers and if p(x) and q(x) are given by

p(x):x =0 and qg(x) : x? >0, then determine the truth value of (VX)( p(x) —> Q(X)) :

Show thatif X and y are integers and both xy and x+ y are even, then both X and y are even.
Let K (x) : x is atwo wheeler, L (x) : x isa scooter, m(x): x is manufactured by Bajaj. Express the
following using quantifiers.

(1) Every two wheeler is a scooter

(2) There is a two wheeler that is not manufactured by Bajaj

(3) There is a two wheeler manufactured by Bajaj that is not a scooter

(4) Every two wheeler that is a scooter is manufactured by Bajaj.
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UNIT II - COMBINATORICS

Method of Induction

Introduction:

Mathematical statements which cannot be easily derived by direct methods is sometimes derived by using
mathematical induction. It is one of the basic methods of proof of a statement about all natural numbers.
Consider the example: What is the formula for the sum of first n positive odd integers?.

1=1°
1+3=4=2°
1+3+5=9=3

1+3+5+7=16=4°

Now any one can guess the sum of the first n positive odd integers is n’>. But to prove assertion of this
type, Mathematical induction is a technique. The word induction is associated with the inductive, by which
a conclusion is drawn from a large number of special cases.

Principle of Mathematical Induction:

Let p(n) be the proposition involving the integral value of n.
() If p@) istrueand
(ii)  Under the assumption that p(k)is true,
(iii) Then we have to prove p(k +1) is true.
Then , we conclude that the statement p(n) istrueforall nez*.

Note: Here p(1) is called the base step of the statement. Sometimes p(0) or p(2) may be the base
steps.

Strong form of Principle of Mathematical Induction:

Let p(n) be the proposition involving the integral value of n.
(i) Assume that p(n) istruefor n=1,2,3,.......k
(ii)  Under the assumption, we have to prove p(k +1) is true.

Then, we conclude that the statement p(n) istrue forall nez™.

Example 1: Prove by mathematical induction that 1+2+3+....+n=@.
Let p(n): l+2+3+....+n=w.
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Now p@): 1= 1(1;1) =1. p(2): 1+2= 2(22+1) =3 istrue.
Hence assume that p(k) istrue. i.e. p(k):1+2+3+...+k :@.

Now we have to prove p(k +1) is true.

1+2+3+....+k+(k+1)=@+(k+1)

_ k(k+1)+2(k+1)
2

_(k+D(k+2)

- 2

_ (kK+D[(k+1) +1]
2

Therefore p(k +1) is true and hence p(n) is true.

Example 2: Prove by mathematical induction that 1> + 22 4+3% + ... . +n®*= n(n+ 1)6(2n 4 1).
Let p(n): 1?+2°+3+....+n°= n(n+H2n+1)
| 6
Now p(y: 12 =D
p(2): 22 - 22D 30 iy
Hence assume that p(k) istrue. ie. p(k):1°+2°+3°+....+k? = w

Now we have to prove p(k +1) is true.

P+22+3 4.+ kP +(k+D)? = Kk +1)6(2k 1) +(k+1)°

_ k(k+1)(2k +1) +6(k +1)°

_(k +1)[(2k2ik)+6k +6]

_ (k+D)(2K? +67k +6)

_ (k+D(k f 2)(2k +3)

_(k+D) [(k6+1)+1) [2(k +1) +1]
6
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Therefore p(k +1) is true and hence p(n) is true.

Example 3: Prove by mathematical induction that 1> +3% +52 +....+(2n-1)% = n(an _1?)) (2n+1)

Let p(n):1>+3*+52 +....+(2n—1)2 = n(2n—1;(2n+1).

121-1)(21+1) _
3
2(22-1)(22+1) _ 30

— =10 istrue
3 3
Hence assume that p(k) is true. i.e. p(k):1%+3°+5°+...+(2k—1) = k(z"_l;(z“l),

Now p@):1°= 1.

p(2): ¥ +3* =

Now we have to prove p(k +1) is true.

P43 45 4.+ (2k—1)2+ (2K +1)7 = KK _1?))(2k D | 2k +1y?

_ k(2k ~1)(2k +1) +3(2k +1)?

_(2k +1)[k(2k?i1)+3(2k +1)]

_ (2K +1)(2K? +?;3k +3)

_ (2 +1)(23|; +3)(k+1)

_(k+D) [2(k3+1)—1) [2(k +1) +1]
3

Therefore p(k +1) is true and hence p(n) is true.

Example 4: Use mathematical induction to prove 1°+2°+3°+...+n’= {

2 4
2 2
Let p(n): 13+23+33+....+n3:M.
2 2
Now p(l):f:%:l.
22(2+1)°
P(2): 13+23:L=9 is true.
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k?(k +1)?
Hence assume that p(k) istrue. ie. p(k): P+2°+3°+....+ k3=¥.

Now we have to prove p(k +1) is true.
2 2
13+23+33+....+k3+(k+1)3:@+(k+l)3
Kk +1)%+4(k +1)°
4
_(k+D)?(K?+4k +4)
4
(k+1)%(k+2)°
4
(k+D)?[(k +1) +17

4
Therefore p(k +1) is true and hence p(n) is true.

Example 5: Using mathematical induction, prove that 8" —3" is multipleof 5, n>0,nel .
Let Pp(n): 8"-3" is multiple of 5. i.e. 8" —3"=5X

Now p(l) 18 -3'=5= 5x1, multiple of 5.
D(2): 8 -3 =64-9=55=5x11, multiple of 5.

Hence assume that p(k) is true. i.e. p(k): 8 -3 =5X. ... (D
Now we have to prove p(k +1) is true.

gt -3 =88-33
=(5X +3).8-3“3, from(1) 8 =5X +3"
=5.8X +8.3 33
=5.8X +3“(8-3)
=5[8X +3"], multiple of 5

Therefore p(k +1) is true and hence p(n) is true.
Example 6: Prove by mathematical induction that 3" + 4" is divisibleby 5, n>0,ne .

Let Pp(n): 3" +4™ is multiple of 5. i.e. 37 +4" =5X

Now P(): 229 +49" =4416=20=5x%4, divisible by 5.
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pQ):?Qﬁ+$”“=16+64:80=5x16Jnmupmof3
Hence assume that p(k) is true. i.e. p(k): 32k +4k+1 =5X i, (D)
Now we have to prove p(k +1) is true.
32(k+l) +4(k+1)+1 — 32k.32 +4k+1.4
=(5X —4*1).9+ 44, from(l) 3** =5X —4**
=5.9X —9.4%1 4 414
=5.9X -4 (9-4)
=5[9X — 4], divisible by 5

Therefore p(k +1) is true and hence p(n) is true.

n n+l
Example 7: Prove by mathematical induction that z3r _3 5 1.
r=0
. n ; 3n+1_1
Let p(n): >3 =
=0 2
n+l
p(n): 3 +3' +3°+...+3"= 3 -1
30+1_1
Now , p(0): 3°= > =1.
-1 8
p@): I +3'= 5 =§=4 is true.
3k+1_1
Hence assume that p(k) istrue. ie. P(K):3+3 +3 +..+3 = ;

Now we have to prove p(k +1) is true.

k+l_
P+ 4324+ 3 +3k+1=3Tl+3"+l

_ 3k+l _1+ 2.3k+l
= f
33 -1
2

3(k+l)+1 -1
= T

Therefore p(k +1) is true and hence p(n) is true.
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Example 8: Using mathematical induction, prove that a" —b" is multiple of (a—b), ne N .
Let p(n) ca"-b" s multiple of (a—b). i.e. a"-b" = (a—b)X

Now P(l): a'-b'=(a-h)
p(2): a®-b’ =(a-b)(@a+h)

Hence assume that p(k) is true. i.e. p(k): a“—b* = (a—b)X. .............. (1)
Now we have to prove p(k +1) is true.

(a—Db)x1, multiple of (a—b) .

(a-b)x X, multiple of (a—Db).

a“t b =a“a-b b
=[(a-b)X +b* |a—b*b, from(1) a* =(a—b)X +b"
=(a—b).aX +ab* -b*b
=(a—b).aX +b“(a—-b)
= (a—b)[aX +b*], multiple of (a—b)

Therefore p(k +1) is true and hence p(n) is true.
Example 9: Show by mathematical induction that n’< 3", n>4.
Let p(n): n*<3", n>4
Now P(4): 4°<3" ie. 64<81, whichis true.
Hence assume that p(k) istrue. i.e. p(k): k® <3k, k>4 .. (D)

Now we have to prove p(k +1) is true. i.e. to prove (K +1)* <3
(k+1)° =k>+3k*+3k +1

Also we have 3k? < 4k? <k.k? =k* < 3¢

3k? <3 e (2)
Adding (1) and (2), we have k®+3k? <3*+3"....cccc... (3)
Also 3k+1<3" i (4)
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Adding (3) and (4), we have k®+3k? +3k +1<3" +3* +3*

(k+1)* <3.3¢
(k +1)* <3

Therefore p(k +1) is true and hence p(n) is true.

1 1 1 n
Example 10: Prove by mathematical induction §+2_3 ﬂ n(n+ 1)=n+ 1
Let p(n)'i+i+i+ + 1 _n
¢ 1223 34 7 nn+l) n+l
1 1 .
N 1): — =— istrue.
ow p(l) 15141 is true
1 1 2
2): — 4 — =
P(2): 12+2.3 2+1
1,1.2
2 6 3
4.2
6 3
H that p(k) istrue. i p(k)'i+i+i+ —r K
ence assume that p(k) 1istrue. 1.e. "12793" 34 " k(k+1) Kl
Now we have to prove p(k +1) is true.
1 1 1 1 k 1
pk+1): —+—+—+...+ + = +
12 23 34 K(k+1) (k+1).(k+2) k+1 (k+1).(k+2)
_ kk+2)+1
(k+2).(k +2)
kP +2k+1
(k+12).(k +2)
o (k+1?
(k+12).(k +2)
_(k+1)
(k+2)

Therefore p(k +1) is true and hence p(n) is true.

Example 11. Use mathematical induction to showthat n 1 > 2" n=5g8,....

Let P(n): n1=2"!n=56....
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Here P(5): 51> 25 is true

Assume P(Kk): k!> 2 istrue ... (1)

Claim: p(k +1) is true.
Using (1), We have, P(k): ki> 2k+
Multiply both sides by 2, we have
2k1> 2%k,
(k+Dk!> ok+2 since 2<k+1 forall k >5

(k+1) 1> 2K+2
p(k +1) is true

Hence, by the principle of mathematical induction, n! > 2™ n=56,....

Example 12. Using induction principle, prove that n3 +2n is divisible by 3.
LetP(n): N>+2N is divisible by 3.
P(1): 1+2(1) =3 is divisible by 3
Assume P(k) : k®+2K is divisible by 3is true.  ........ (1)

Claim: p(k +1) is true.
Now, p(k+1) : (K+1)°>+2(k+1)

= k3 +3k2 + 3k +1+ 2k + 2

=k3+3k? +3k+ 2k +3= (k> +2K) + 3(k2 + Kk +1) oo (2)
k®+2K is divisible by 3. 3(k®+k+1) is a multiple of 3 and hence divisible by 3.
P(k+1) = (k® +2k) +3(k? +k +1) is divisible by 3.
p(k +1) is true.

By the principle of mathematical induction, P(n) : n3 +2n is divisible by 3.

1 1 1 1
Example 13. Use mathematical induction to show that ﬁ + E + T +ot ﬁ >n , N22.

3

Let P(n): \/- \/— \/— \/_>\/_ n>?2.

Here P(2): f \/_ = (1.707) > /2 = (1.414) is true.

Assume P(k): \/— \/— \/— J— >JK (1) is true.
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Claim: p(k +1) is true.

k+D:;£H"E—+;£ﬁnm+—1—+—;L—
J1 V2 43 Jko Vk+1
s k141 (Jk(k+D) +1
Jk+1 Jk+1 Jk+1
>\/W+1
Jk+1

k+1
> =vk+1
vk+1

P(k+1) =k +1

Therefore, P(k +1) is true.

P(

1 1

1
By the principle of mathematical induction, ﬁ + ﬁ + ﬁ +..t T >

+ 72n+1

Let P(n): 6" is divisible by 43.

Here P(1) is true i.e. 6%+ 7% s divisible by 43.

Assume that P(k) is true.
k+2 | 22k+1, .. . .
6" °+7° "is divisible by 43.

62 1 721 _ 43r where ris a positive integer ........ (1)

Claim: P(k+1) is true.

6k+3 n 72k+3

To prove is divisible by 43.

Now
6k+3 + 72k+3 — 6*6k+2 + 72 *72k+1

— 6*6k+2 +49*72k+1
— 6*6k+2 +6*72k+1+43*72k+1
62 + 7245 divisible by 43

43*7%%*1 s divisible by 43.
Since RHS of equation(2) is a multiple of 43, it is divisible by 43.

6k+3 + 72k+3 is divisible by 43.
P(k+1) is true.
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Example 15: Prove that a positive integers greater than 1 is either a prime number or it can be written
as product of prime numbers.

Let the statement is true for n=2, because 2 is a prime number.
Assume that the statement is true for all numbers less than n<Kk. i.e.any number less than k is prime or
it can be written as product of prime numbers.

Consider the number k.
Case (i): Suppose kis prime, the statement is true for n=Kk.

Case (ii): Suppose kis composite. Then we know that any composite number has two factors other than
1&Kk.

Let k =axb, where a<k, b<k.
Therefore by our assumption a and b can be expressed as product of primes.

Therefore a=pP;P,...p, and b:qlqz....qs
But k=ab = p,p,...p,0,0;-...0;, product of primes.

Example 16: Prove that the number of subsets of set having n elements is 2".

We know that a null set has 2° subsets. Hence P(0) is true.
Now assume that P(k) is true. i.e. any set with k elements has 2 subsets.

Let A be a set with k+1elements. Choose an element ac A.
Now any subset that does not contain a is a subset of A—{a}.

Therefore there are 2* subsets of A—{a}.
Now any subset X of A—{a} can be matched up any subset Y of A—{a}u{a}=A.

Consequently, there are as many subsets of A that contain a as do not.
Thus there are twice as many subsets of A as there are subsets of A—{a}.
i.e. number of subsets of A = 2xnumber of subsets of A—{a}.

=2x 2
— 2k+l

Hence by induction hypothesis, the number of subsets of set having n elementsis 2".

Example 17: Let m any odd positive integer. Then prove that there exists a positive integer n such
that m divides 2" 1.

Let m = (ZmH +1) be the sequence of odd positive integers with m =1.
Let P(n): 2"-1 is divisible by m, :(ka_l—l) for some K.

P@): 2'-1=1isdivisible by m =1.

P(2): 2°-1=3 isdivisibleby m =1and m, = (Zml +1) =3.
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P(@3): 2°-1=7 isdivisibleby m =1 and m, = (2m2 +l) =7.
Hence assume that P(k): 2“-1 is divisible by m =1and m, = (ka_l +1).

Therefore 2 ~1=m,.
To show that P(k +1): is true.

Consider 2¢*—1=2.2* -1
=2.2 2421
=22-D+(2"-1)
=m,+1+m,
=2m, +1

= mk+1

iLe. P(k+1): 2“"-1 isdivisible by m =1 and m = (2mk_1 +l).

Therefore P(n): 2"-1 is divisible by m =1 and M, for some k.

Well Ordering Principle

Every non negative set of integers has a smallest element.

Let us prove this statement by mathematical induction. A set containing one element (non negative

integer) has a smallest element, namely the element itself.

Assume that the statement is true for a set containing k elements. i.e. a set containing k elements has a

smallest element.

Consideraset S withk+1 elements. Now remove an element, say 'a' from S . Now the set has k elements

and it has a least element, say 'b".

The smallest of 'a’ and 'b" is the smallest element of the set S . Therefore any finite set of non negative

integers has a smallest element.
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Exercise

Use mathematical induction to show that

10.
11.

14345+.....+(2n-1) =n’

1.2-3+2-3-4+3-4-5+....... +n(n+1)(n+2):%n(n+1)(n+2)(n+3)

for all natural numbers

1+ 1 + 1 ot 3 > 1+g (or) If H n denote harmonic numbers, then prove that H, > 1+g using

2 3 2"

mathematical induction.

n 3n+1 _ 1
Using mathematical induction, show that 23' ==
r=0

3"+ 7" -2 is divisible by 8 for n>1.

114 22 3B-.....+nin!= (n+1)-1if n>1

Show that F, < 2" for every positive integer I, where {Fn} is a Fibonacci sequence.
Use mathematical induction to prove the inequality n < 2" for all positive integer n.

Use mathematical induction to show that n! > 2n+l, n=123.....

Prove, by mathematical induction, that 6" + 72" is divisible by 43 for each positive integer n.

52
https://doi.org/10.5281/zenodo0.15287608



Basics of counting

Combinatoric is a branch of discrete mathematics dealing with counting problems. Techniques for
counting are important in Computer Science, especially in analysis of algorithms. For example, a computer
password, normally contains eight strings consisting of alphabets, numerals and special characters.
Suppose a password should contain minimum one special character, one numeral and one capital letter.
Then how many such passwords can be generated?. Now the necessity of counting arises.

Principles of counting

The sum rule: If two tasks can be done in m, n ways respectively and if both cannot be done at the same
time, (mutually exclusive) then there are m+n ways to do both the works.

Equivalently If there are m different objects in the one set, n different objects in the another set and if the
different sets are disjoint, then the number of ways to select an object from one of the 2 sets is m+n.
This can be extended to any number tasks.

Example: In how many ways a student can choose a project from the topics given as: Cryptography - 20
titles, Artificial Intelligence - 10 titles, Mobile Apps - 5 titles.

By sum rule, there are 20+10+5 =35 ways to select a project from one of these three lists.

The product rule: A task can be done in two successive steps, first step can be done in mways and second
step can be done in n ways Then the task can be done in m-n ways. This can be extended to any number
tasks.

Example: A password consists of two alphabets followed by three digits. (i) How many passwords can
be generated. (ii) If first digit is never zero, then how many passwords can be generated? (iii) If no
letter or digit is repeated, how many passwords can be generated in both the cases?

If alphabets and digits are repeated
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(i) There are 26 options for alphabets and 10
options for digits.

Therefore there are 26x26x10x10x10 = 6,76,000
passwords can be generated.

(ii) There are 26 options for alphabets and 10
options for digits. Since first letter is nonzero
digit,

there are 26x26x9x10x10 = 6,08,400 passwords
can be generated.

(iii) No alphabets

and digits are repeated

Therefore there are 26x25x10x9x8 = 4, 68,000
passwords can be generated.

Since first letter is nonzero digit,
there are 26x25x9x9x8 =4,21,200 passwords

can be generated.

Example: A password consists of an English alphabet followed by 3 or 4 digits. Find (i) the total number
of passwords created (ii) number of passwords in which no digit repeats.

(i) The number of 4 character passwords is
26x10x10x10 = 26,000

The number of 5 character passwords is
26x10x10x10x10 = 2,60,000

Therefore, by sum rule, total number of
passwords is 26,000+ 2,60,000 = 2,86,000

(ii) The number of 4 character passwords is
26x10x9x8=18,720

The number of 5 character passwords is
26x10x9x8x7=1,31,040

Therefore, by sum rule, total number of
passwords is 18,720+1,31,040 =1,49, 760

Permutations and Combinations

Permutations

Combinations

For n>r >0, an r — permutation of an n- distinct
element set is a linear ordering of r elements of
the set.

It is denoted by

nPr=P(n,r)=n(n-1)(n-2)..(n-(r-1))= n!

(n—r)!

nPO0=P(n,0)=1

Results: nPn=P(n,n)=nl,

Note: Itis about the number of arrangements of
objects

Ordering of objects matters abc, bac, cab are
different

For n>r >0, an unordered selection of r —
elements from an n element setis called a
combination.

It is denoted by
I
nCr:C(n,r):L
rt'(n—r)!

Results: nCn=C(n,n)=1 & C(n,r)=C(n,n—r)

Note: Itis about the number of selections of
objects

Ordering of objects does not matter
abc, bac, cab are same
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2 permutations of a, b, ¢ are: 2 combinations of a, b, ¢ are: ab, bc, ac
ab, ba, bc, cb, ac, ca
For example, the set of elements a, b and C has six | For example, all the combinations of the set

permutations. 3P3=31=6. They are {a, b, c} of sizes 0, 1, 2, 3 are

abc, acb, bac, bca, cab, cba . {3, {a} {b} {c},

There are 3 ways to fill first place {a,b}, {b,c}, {c,a}, {a,b,c}
2 ways to fill the second place 3C0=1 3C1=3,

1 way to fill the third place

By product rule, 3x2x1=3!=6 permutations. 3C2=3, 3C3=1

Example: (a) How many different ways can three of the letters of the word VENUS be chosen and written
inarow? (b) How many different ways can this be done if the first letter must be E?

(a) Required number of ways is given by the number of 3-permutations of a set of five elements.
i.e.5P3=60

(b) Since the E is used in the first position, there are four letters available to fill the remaining two
positions. Hence the number of 2-permutations of a set of four elements is 4P2=12.

Example: (a) In how many of ways can the letters of the word VENUS be arranged? (b) How many of
them begin with V and end with S? How many of them do not begin with V but end with S?

(a) The word VENUS consists of 5 letters which can be arranged in 5P5=5!=120 ways

(b) If V occupies first place and S the last place, then there are 3 letters left to be arranged in 3 places.
This can be done in 3P3=3!=6 ways

(b) If V does not occupy first place but S occupies the last place, then the first place is filled by remaining
3 letters. For the second place, again 3 letters are available including V. The third and fourth place can be
filled by 2, 1 ways. Therefore by product rule, required number of arrangements are 3x3x2x1=18
ways

Example: How many 4 digit numbers less than 10,000 can be made with the digits 1, 1, 2, 3, 4, 5, 6, 9?7

The number of 4-digit numbers made with the give 8 digits is =8P4. But these numbers include 0 in the
1000t place.

Hence the number of 4-digit numbers =8P4—-7P3
Similarly the number of 3-digit numbers =8P3—-7P2
The number of 2-digit numbers =8P2—-7P1

The number of 1-digit numbers =8

Hence the required number is given by =(8P4—7P3)+ (8P3-7P2) (8P2—7P1)+8

Permutations with repetition
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Theorem: When repetition of n elements contained in a set is permitted in r — permutations, then the
number of r — permutations is n".

The results of the discussion is summarized below: Number of ways to select(arrange) r objects from N

items:

Selection of distinct objects or Selection of identical objects or
Arrangement Combination
(Ordered outcome) (Unordered outcome)
No repetition nPr nCr
Repetition allowed n' (n+r-1)Cr

Example : Consider the word ‘COMPUTER'.

No. of permutations/arrangements of the letters is 8P8 =8!

No. of permutations/arrangements of 5 letters is 8P5 = 6,720

No. of permutations/arrangements of 10 letter sequence, repetitions are allowed is =8"
Example : How many digits between 1 and 10000 contain exactly one 8 and one nine.

Of these 4 digits(first position 1 cannot be changed), 8 and 9 can be filled in (4><3) ways. The remaining

2 positions can be filled by any of the remaining 8 digits is 8° ways. Hence the required number of

(4><3)><82

Example : In how many ways can 2 letters be selected from the set {a, b, ¢, d} when repetition is
allowed, if (i) the order of the letters matters (ii) the order does not matter?

When the order of letters matters
(repetition is allowed)

When the order of letters does not matter
(repetition is allowed)

The number of possible selections = 4*> =16
aa, ab, ac, ad

ba, bb, bc, bd
ca, cbh, cc, cd
da, db, dc, dd

They are

The number of possible selections = (4+2-1)C2
=5C2=10
aa, ab, ac, ad
bb, bc, bd
cc, cd
dd

They are

Example : In how many ways can 2 letters be selected from the set {a, b, ¢, d} when repetition is not
allowed, if (i) the order of the letters matters (ii) the order does not matter?

When the order of letters matters
(repetition is not allowed)

When the order of letters does not matter
(repetition is not allowed)

The number of possible selections = 4P2 =12
ab, ac, ad

ba, bc, bd
ca, ch, cd
da, db, dc

They are

The number of possible selections =4C2=6

ab, ac, ad
They are  bc, bd
cd
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Example : How many different bit strings are there of length nine?.

Each of the nine bits can be chosen in two ways ( 0 or 1).
Therefore, by the product rule there are 2° =512 bit strings

Example : How many times is the digit 5 written when listing all numbers from 1 to 100,000?

Numbers from 1 to 100,0001t is same as numbers between 0 to 99,999. Let all numbers between them are
5-digit sequences (5-digit numbers with leading Os allowed).

Number of times does a 5 occur in the first position in these 5-digit sequences 10*. For all five positions
the 5 digit sequence containing 5 is 5x10°.

Example : Twelve students want to place order of different ice creams in a parlour, which has six type of
ice creams. Find the number of orders that the twelve students can place.

Number of types of ice cream is n=6.

Each order corresponds to a 12 combination with repetition from a set of 6 objects (r =12).

So the number of orders (n+r—-1)Cr =(6+12-1)C12=17C12 = 6,188
Example : Determine the number of solutions of the equation X +X, + X; +X, = 32 where X 2 0, Vi.

Consider a solution X, =14, X, =8, X, =10, X, =0. Another set of solution is
x =8, X,=10, x,=0, x,=14.

Even though the same integers are taken, they are different set of solutions. This can be restated as 32
identical items can be distributed to 4 distinct persons, repetitions allowed.

Hence, the number of solutions = (4 +32-1)C32
=35C32

=6,545

Result: Consider the following three equivalent statements:
The number of integer solutions | The number of selections, with The number of ways r identical
of X +X,+X;+X, =32 where repetition, of size r from a objects can be distributed
) collection of size n. among n distinct containers.
x>0, VI

Example : In how many ways 10 identical balls be distributed in 6 boxes?.

From the above result, it is equivalent to finding the nonnegative integer solution of the equation
X +X+...+% =10,

57
https://doi.org/10.5281/zenodo0.15287608



That number is the number of selections of size 10, with repetition, from a collection of size 6.
i.e. (6+10—-1)C10 = 3,003 ways.

Example : Determine the number of solutions of the equation X + X, +X; + X, = 32 where X >0,V .

Given X >0, V1. je. X 2L V1.

Put ¥, =% —1 sothat ¥, 20, V.

Then the given equations becomes Y; +1+ Y, +1+ Y, +1+Y,+1=32
Vi +Y,+Y,+Y, =28

Hence, the number of solutions = (4+28-1)C28
=31C28

= 4,495

Example : Determine the number of solutions of the equation X, +X, +X; +X, =32 where

X, X, 26 & X, X, 2 4.

Put ¥, =X —6,Y,=% -6, ;=X -4, Y, =X,—4, then the equation becomes
Y, +6+Y,+6+Y,+4+Y,+4=32 sothat ¥, 20, V.

Y+ Yo tYs+Y, =12

Hence, the number of solutions = (4+12-1)C12

=15C12
=455

Example : Determine the number of solutions of the equation X, +X, +X; + X, =32 where

X, X, %3 >0 & 0<x, <20.

First we find the no. of solutions where ¥;, X,, X, >0 & X, >20
Put ¥,=X-1Y,=X-1 Y,=X%-1 & Y, =X,—21 then the equation becomes
Y, +1+Y, +1+ Y, +14 Y, +21=32 5o that ¥, 20, V.

Y+ Yoty +Y, =8
Hence, the number of solutions = (4+8-1)C8

=11C8
=165
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No. of solutions where X, X, X; >0 & 0< X, <20 =(No. of solutions where TRVIR TR >0y -

( No. of solutions where ¥;, X,, X, >0 & X, >20)
=6,545 - 165
= 6,380

Example : Determine the number of solutions of the equation X, +X, + X; + X, <12 where
X, Xo, X, X, 20,

Consider the equality form of the given inequality as X +X, + X3 +X, +X; =12 where X 1.
Put Y: = X —1 then the equation becomes X, + X, +X; + X, + Y +1=12 50 that X, X,, X3, X,, ¥; 20
X A%+ X+ X, +Y, =11

Hence, the number of solutions = (7 +11-1)C11
=17C11
=17C6
=12,376
Restricted Cases
Restricted Permutations Restricted Combinations

The number of permutations of n different objects | The number of combinations of n different
taken r at a time in which k particular objects do | objects taken r at a time in which k particular

not occuris (n—k)Pr objects are always occuris (n—k)C(r—k)

The number of permutations of n different The number of combinations of n different
objects taken r at a time in which k particular objects taken r at a time in which k particular
objects are always occuris (n—k)P(r—k) x rPk objects do not occur is (n—k)Cr

Example: In how many ways a team of 10 members be chosen out of a batch of 15 students? How many
of them will (a) include a particular student (b) exclude a particular student?

Here n=15, r=10, k=1
(2) Number of ways of selecting a team of 10 members out of 15 is =15C10
(b) Number of ways in which a particular player is included is =14C9
(c) Number of ways in which a particular player is excluded is =14C10

Circular Permutation

If the objects are arranged in a circle, we get circular permutation. Number of circular permutations of n
objects is (n—1)!. If clockwise and counter clockwise arrangements are considered as same, then the

number of permutations is %(n -

Example: If 6 people are seated about a round In the group, 3 are male and 3 are female, then
table, how many different circular arrangements | how many arrangements do the sexes alternate?
are possible?
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Let A, B, C, D, E, F be the 6 people. If one Note that rotation does not alter the circular

permutation is obtained from the other by arrangement.

rotation’ they are considered as same. Assume that a female OCCUpieS pOSitionl.
Therefore required number of circular Positions 2, 4, 6 must be occupied by 3 male and
arrangements is (6—1)!=5!=120 there are 3P3=3!=6 ways.

Positions 3, 5 must be occupied by the remaining
female in 2P2 =2!=2 ways.

F B Therefore total number of such a circular
arrangements =6x2=12

1F

6M 2M

5F

]

M OR
Three male be seated along the round table in
(3—1!'=2! ways. Between any two male let a
female be seated. Hence all 3 females can be
seated in 3 intermediate places in 3P3=3! ways.
.. by product rule required number of
arrangements is 2x31=12
Example: Find the number of ways in which 10 different beads can be arranged to form a chain.

This is a circular permutation with clockwise and counter clockwise arrangements are considered as

!
same. Therefore required number of arrangements is %(10 S % :

Theorem: The number of different permutations of nobjects which include n, identical objects of type I,
n!
n, identical objects of type I],.......... and N, identical objects of type K is equal to ———— where

ntn,l.n,!

n+n,+..+n =n.
Example: Consider 3-permutations of the three alphabets a, b, c.

The 3! permutations are abc, acb, bac, bca, cab, cba .
If b, c isreplaced by /£, then the permutations becomes agg, agg, papg, pBa, faps, fBa which are not
different.

Then the number of different permutations of 3 letters in which 2 are identical (type I) and 1 letter is (type

II) is equal to %:3. They are app, ppa, pas.

21

Example: How many permutations are there on the word “MALAYALAM"?

Total number of letters 9 in which M occurs 2 times, A occurs 4 times, L occurs 2 times, Y occur 1
9l

m = permutations on this word.
XagXxX!

time. Hence there are
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Example: How many positive integers can be formed using the digits 3, 4, 4, 5, 5, 6, 7, whose value is
above 50,00,000.

The first place must be occupied by the digits 5, 6 or 7.

When 5 becomes the first place, the remaining six places are to filled by the digits 3, 4,4, 5, 6, 7.
Therefore required no. of such numbers =% (digit 4 occurs twice)

—360

When 6 becomes the first place, the remaining six places are to filled by the digits 3, 4, 4, 5, 5, 7.

I
Therefore required no. of such numbers = % (digit 4, 5 occurs twice)
X L1

=180

When 7 becomes the first place, the remaining six places are to filled by the digits 3, 4, 4, 5, 5, 6.

Therefore required no. of such numbers = % (digit 4, 5 occurs twice)
X !

=180

Therefore No. of numbers exceeding 50,00,000 = 360 + 180 + 180 = 720

Example: How many bits of string of length 10 contain

i. exactly four 1’s ii. atmost four 1’s
iii. at least four 1’s iv. an equal number of 0’s and 1’s
n!
This is permutation with repetition. Hence number of different permutations are PTEITEE
l - 2 LR k -

(i) The 10 bit string contains exactly four 1’s and six 0’s
10!

Therefore required bit strings = yTorTie 210 ways
X 0o!

(iii) The 10 bit string contains at most four 1's

(four 1’s and six 0’s) or (three 1’'s and seven 0’s) or (two 1’s and eight 0’s) or (one 1’s and nine 0’s)
or (no 1’sand ten 0’s)

10! 10! 10! 10! 10!

Therefore required bit strings = 4 + + +
41x 6! 371 2Ix8! 19! 0Ix10!

=386 ways

(iii) The 10 bit string contains at least four 1’s
(four 1’s and six 0’s) or (five 1’s and five 0’s) or (six 1’s and four 0’s) or (seven 1’s and three 0’s)
or (eight 1’s and two 0’s) or (nine 1’s and one 0’s) or (ten 1’s and no 0’s)
10! 10! 10! 10! 10! 10! 10!
+ + + + + +
46! 55! 6Ix4! 7Ix3! 82! 91l 100!

Therefore required bit strings = =848 ways
(iv) The 10 bit string contains an equal number of 0’s and 1’s (i.e. five 1’s and 0’s)
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10!

Therefore required bit strings = EoEl " 252 ways

Problems on Permutations

<51

Example: How many permutations can be made out of the letters of the word “Basic”? How many of

these (1) Begin with B? (2)

The given string contains

End with C?

5 letters.

(3) B and C occupy the end places?

(1) Since all permutations
(words) must begin with B, the
remaining 4 letters can be
arranged in 4P4 =4! ways.
Therefore total number of
permutations with B as the
starting letter is 4!=24.

(2) Since all permutations
(words) must end with C, the
remaining 4 letters can be
arranged in 4P4 =4! ways.
Therefore total number of
permutations with C as the end
letter is 41=24.

(3) Since all permutations
(words) must begin with B and
end with C, the remaining 3
letters can be arranged in
3P3=3! ways.

Therefore total number of
permutations with B as the
starting letter is 3!=6.

Example: If repetitions are not

allowed,

(i) How many four digit numbers can be formed from the digits 1, 2, 4, 5, 7 and 9?
(i) How many of these numbers are less than 50007

(iii) How many of these numbe
(iv) How many of the numbers

rs are odd?
contain both the digits 2 and 77

(1) Position 1 can be
filled by 6 numbers

Position 2 can be
filled by 5 numbers

Position 3 can be
filled by 4 numbers

Position 4 can be
filled by 3 numbers

Therefore number of 4-permutations of 6-numbers = 6P4 =6x5x4x3=360

Position 1 can be
filled by three ways
by the numbersl, 2, 4

(ii)

Position 2 can be
filled by 5 numbers

Position 3 can be
filled by 4 numbers

Position 4 can be
filled by 3 numbers

Therefore number of 4-digit numbers less than 5000 = 3x5P3 = 3><(5>< 4><3) =180

(iii) The required 4-digit number is odd, the last digit mustbe 1, 5, 7 and 9.

Position 1 can be
filled by 5 numbers

Position 2 can be
filled by 4 numbers

Position 3 can be
filled by 3 numbers

Position 4 can be
filled by 4 ways by the
numbers 1,5, 7,9

Therefore number of 4-digit odd numbers =5P3x4 = (5>< 4><3) x4 =240

(iv)

ways

The digits 2 and 7 can occupy any two of the 4
places. Therefore there are 4P2=4x3=12

The remaining two places can be occupied by
the numbers 1, 4, 5, 9. Therefore there are
4P2 =4x3=12 ways

Therefore number of 4-digit numbers containing 2 and 7 = 4P2x4P2=12x12 =144
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Example: There are 7 boys and 8 girls.

(i) In how many ways can all the 7 boys and 8 girls
sitin a row?

There are 15 persons(arranged in 15 places)
Therefore number of ways =15P15=15! ways

(i) In how many ways can they sit in a row such
that two boys can'’t sit together?

The 8 girls can be seated in 8P8=8! ways
There are 8 places for 7 boys

.. The 7 boys can be seated in 8P7 ways
Hence required number of =8&8P7

(ii) In how many ways can they sit in a row if the
boys are to sit together?

Consider boys are one unit and hence there are
1+8=9 persons.

These 9 persons can be arranged in a row 9! ways.
In any one of these 9! ways, the 7 boys can be
arranged among themselves in 7! ways.

Hence required number of ways =9 7!

(iii) In how many ways can they sit in a row if the
boys are to sit together and the girls are to sit
together?

Consider boys are one unit and girls are another
unit. These 2 units can be arranged in 2! ways.

In any one of these 2! ways, the 7 boys can be
arranged among themselves in 7! ways and the
girls among themselves in 8! ways.

Hence required number of ways =2 8x 7!

(iv) In how many ways can they sit in a row if just
the boys are to sit together?

No. of ways in which boys only sit together

= (No. of ways in which boys sit together) -
(No. of ways in which boys sit together and girls
sit together)

= (971~ (2K8K 7)

Example:
three books on Science.

A collection of eight books consists of two books on English, three books on Mathematics, and

(a) How many ways can the books be arranged on a shelf so that all books on a single subject are together?
(b) How many ways can the books be arranged on a shelf so that the three books on Mathematics are
together?

(c) How many ways can the books be arranged on a shelf so that the two books on English occur at the right
end of the arrangement?

(a) Letconsider each subject books are considered together. Therefore there are 3 bunch of books. They
can be arranged in 3P3=3! ways.

Among themselves, English books can be arranged in 2P2 =2! ways.

Among themselves, Mathematics books can be arranged in 3P3=3! ways.

Among themselves, Science books can be arranged in 3P3=3! ways.

Therefore by multiplication rule, total number of arrangements =3 (2!- 3k 3!) =432

(b) If Mathematics books are considered together, then there are 6 books. These 6 books can be arranged
in 6P6=6! ways. In this arrangements, Mathematics books among themselves can be arranged in
3P3=3lways.

Therefore by multiplication rule, total number of arrangements =6 (3!) =4,320
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(c) If English books are considered together, then there are 6 books. These 6 books can be arranged in
6P6=06! ways, in which English books are placed at the right end. In this arrangements, English books
among themselves can be arranged in 2P2 =2lways.

Therefore by multiplication rule, total number of arrangements = 6x(2!)=1,440

Example : A magnetic tape contains a collection of 5 lakh strings made up of four or fewer number of
English letters. Can all the strings in the collection be distinct?

Total number of strings with four or fewer number of English letters

26P4+26P3+26P2-+ 26P1 = (24x 23x 22x 21) + (24 23x 22) +(24x 23) +(24)
= (24x23x 22 21) + (24x 23x 22) + (24 23) +(24)
= 2,565,024 +12,144 + 552 + 24
—2,67,704

There can be only 2,67,704 distinct strings. Since the magnetic tape contains 5 lakh strings, we
conclude that the collection of the strings are not distinct.

Example: How many permutations of the letters ABCDEFGH contain the string ABC?

If the letter group ABC is treated as a unit, then there are effectively only six objects
that are to be arranged in a row. Therefore there are 6!=720 permutations.

Problems on Combinations

Example : In how many ways a committee of 6 persons be formed from 7 men and 5 women so as to
include 3 women at least?

The committee may consists of

(i) 3 men and 3 women in 7C3 x 5C3 = 35x10 = 350 ways
(ii) 2 men and 4 women in 7C2 x 5C4 = 21x5 =105 ways
(iii) 1 man and 5 women in 7C1x 5C5 = 7x1 =7 ways

By sum rule, the number of possible ways of forming the committee =350 + 105 + 7 = 462 ways.

Example: There are 7 men and 8 women. A committee should be formed with 6 members.
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How many number of ways a committee can be
formed with no gender partiality?(they can be of
any sex)

15 15:14-13-12.11.10 o
1.2-3-4.5-6

How many number of ways a committee with a
captain, can be formed with no gender partiality?

A captain can be chosen in 15 ways

The other 6 members can be chosen from 14
members
14-13-12-11-10-9

14C6 = =3003
1.2-3-4-5-6

.-. total number of ways to select a team with a
captain is 15x 3003 = 45045

How many number of ways a committee can be
formed with male members?

7C6=7Cl=7

How many number of ways a committee can be
formed with female members?

8C6:802:&—7:28
1.2

How many number of ways a committee can be
formed with 4 male and 2 female members?

7-6:5-4 87 o0

7C4x8C2=——x
1.2-3-4 1.2

How many number of ways a committee can be
formed with all of them are same sex?

i.e. all the 6 are either male or female

7C6+8C6=7C1+8C2=7+%=35

How many number of ways a committee can be
formed with at least 5 women?

(5W, 1M) or (6W, OM)
(7C1>< 8C5) + (7CO><8C6) = (7 X 40) + (1>< 24) =304

How many number of ways a committee can be
formed with at most 2 men?

(OM, 6W) or (1M, 5W) or (2M, 4W)
(7C0x8C6)+(7C1xBC5)+(7C2x8C4)
= (1x24) +(7x56)+(21x 70) = 1886

Example : Which regular polygon has the same number of diagonals as sides?

A regular polygon with n sides has n vertices. Any two vertices give either a side or a diagonal.
Therefore the total sides and diagonals will be nC2. There are n sides.

Therefore number of diagonals is =nC2—-n
n(n-1)
=——~2~-n
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n(n-3)
2

But given that =n
n*-3n=2n
n>-5n=0
n(n-5)=0

Since N cannot be 0, we have N =35. Thus the pentagon is the only polygon with the same number of diagonals as
sides.

Example: How many number of arrangements are there on the word “JAMMAIASSUU”? How many of
these arrangements have no adjacent to A’S?

Total number of arrangements of the letters of the given word = 1 8,31,600
312121211111
8!
2021211011
Consider one of the permutation, omitting Ais *J*M*M*[*S*S*U* U *
So, three A’s can be inserted in any of the place nine places i.e. 9C3 =84 ways.
Therefore by product rule, there are 5,040 x84 = 4,23,360 arrangements that have no two A’s are

adjacent.

Total number of arrangements of the letters of the word, omitting A= 5,040

!
Example : Prove thatif n and k are positive integers with n= 2k, then g—k is an integer.

Consider the symbols &, &, 8,, &,, a3, &,......, &, &,. Here k symbols are repeated twice. Therefore
n=2k.

n!
2 2 21 ... x 21(k times)

The number of ways in which all these n=2k symbols are arranged =
n! .
= % an integer.
Binomial Theorem

Consider the binomial expansion (X+Y)" = nCOX"y’ +nCIX" 'y +nC2X"*y? +....4+NCnX’Y" . Here the
coefficients are called binomial coefficients which are r combination from the set of N elements.

(X+ y)n — Z ncrxn—ryG and (X— y)n — Z(_l)rncr Xn—ry6
r=0 r=0

Example: Find the coefficient of X y8 in (X + Y)ls.

(x+y)" =13C0x"y° +13C1x"2y" +13C2x"y* +....+13C8X°y® +.....+13C13xy"

Therefore the coefficient of x5y8 is 13C18.
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n+1 n
Example: Show thatif n and k are positive integers then ( y j= (n +l{k J/ k . Use this identity to

construct an inductive definition of the binomial coefficients.

By definition
n+1)  (n+1)!
[ k j_k!(n+1—k)!
_ (n+1)-n!
k-(k=1)i(n+1-k)!
(n+1) n!

K (k=1)}(n—(k=1))!

2,

k (k-1

n+1 n n
Theorem: Prove that = +
r r-1 r
_ n n
Consider RH.S = +
r-1 r

=(r—1)!(rr]1-—r+l)! ’ r!(nn;r)!
_ r-nl . ni(n—r+1)
r-(r-1)}(n-r+1)(n-r)t ri(n—r+1)(n—r)!
r-nl n!(n—r+1)

rt(n—r+1)! " ri(n—r+1)!
nk-(r+n-r+1)
ri(n—r+1)!
(n+1)!
ri(n+1-r)!
_[n+1j

=LH.S.
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EXERCISE
How many different words are there in the word MATHEMATICS?
How many different words are there in the word MASSASAUGA?
How many permutations are there in the word MISSISSIPPI?
In how many ways can all the letters in MATHEMATICAL be arranged?
A box contains six white balls and five red balls. Fid the number of ways four balls can be drawn

from the box if (1) they can be any color (2) two must be white and two red (3) they mustall are
of the same color.
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10.

11.

From a club consisting of six men and seven women, in how many ways we select a committee of
(1) three men and four women (2) four person which has at least one women (3) four person
that has at most one man (4) four persons that has children of both sexes?

There are 6 men and 5 women in a room. Find the number of ways four persons can be drawn
from the room if (1) they can be male or female (2) two must be men and two women (3) they
must all are of the same sex.

Suppose there are 9 faculty members in the mathematics department and 11 in the computer
science department. How many ways are there to select a committee to develop a discrete
mathematics course at a school if the committee is to consist of three faculty members from the
mathematics department and four from the computer science department?

From a club consisting of 6 men and 7 women, in how many ways can we select a committee of 4
persons that has at most one woman?

How many solutions does the equation, X, +X, +X; =11 have, where x,, X, and X; are non-
negative integers?.

Find the coefficient of X y15 in (X + Y)ZS.

Pigeonhole Principle

If n pigeons are accommodated in m pigeon-holes and n>m then at least one pigeonhole will contain
two or more pigeons.

Generalization: If n pigeons are accommodated in m pigeon-holes and n>m then at least one of the

n
pigeonholes must contain at least {?J +1 pigeons.

Note: If X is areal variable, the floor of X, denoted by |_XJ is the greatest integer less than or equal to X.
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Example: If seven colors are used to paint 50 bicycles, then show that at least eight bicycles will be the
same color.

50-1
Here n=50 and m=7. By generalized pigeonhole principle, {TJ +1=8 bicycles will have the same

color.

Example: Among 200 people, how many of them were born on the same month?

-1

200
Here n=200 and m=12. By generalized pigeonhole principle, [ J+1 =17 peoples were born in

the same month.

Example: Prove that in a group of six people, at least three must be mutual friends or at least three must

be mutual strangers.

Let Ram be one of the 6 people. Let the remaining 5 peoples be accommodated in two rooms namely,

‘Friends to Ram’ and ‘Strangers to Ram’.

Let us treat the 5 people as 5 pigeons and 2 rooms as 2 pigeonholes. By the generalized pigeonhole

5-1
principle, one of the room must contain [TJ +1=3 people.

In the three people, if any two are mutually friends, then together with Ram, there is a set of 3 mutual

friends. If no two are mutually friends, then these 3 are mutual strangers.

Example : Find the minimum number of students in a class to be sure that four out of them are born in
the same month.

Consider each month as a pigeonhole, then m=12.
We have to find such that tn—_lJ +1=4.
m

B

n=37

Example: Show that among any group of six (not necessarily consecutive) integers there are two integers

with the same remainder when divided by 5.

There are only 5 possible reminders when an integer is divided by 5, namely 0, 1, 2, 3, 4.

By Pigeon hole principle if we have 6 reminders then at least 2 must be same.
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Example: A bank requires customers to choose a four-digit code to use with an ATM card. The code must
consist of two English alphabets in the first two positions and two numerals in the other two positions. The
bank has 70,000 customers. Show that at least two customers choose the same four-digit code.

By multiplication rule the possibility for number of distinct codes is

= No. of choices of first alphabet x No. of choices of second alphabet
No. of choices of first digit x No. of choices of second digit
=26%x26x10x10

=67,600

Since there are 75,000 customers and only 67,600 codes, the Pigeon-Hole Principle implies that at least
two of the customers choose the same code.

Example: If n pigeonholes are occupied by kn+1 pigeons, where k is a positive integer, prove that at least
one pigeonhole is occupied by k+1 or more pigeons. Hence find the minimum number of m integers to be
selected from s = {1,23,45,6,789} so that the sum of two of the m integers are even.

Suppose one pigeonhole is not occupied by k+1 or more pigeons, then each pigeonhole contains at most k
pigeons. Therefore, the total number of pigeons occupying the n pigeonholes is at most kn.

But there are kn+1 pigeons, which is a contradiction. Therefore, at least one pigeonhole is occupied by
k+1 or more pigeons.

We know that sum of two even integers or two odd integers is even. Divide the given set into two subsets
as S, = {l, 3,5, 7,9}, S. = {2,4, 6,8} . Let them be pigeonholes. Therefore n=2.

Now at least two numbers must be chosen from the set S, or S,.
i.e. at least one pigeonhole must contain 2 pigeons. i.e. k+1=2 ie. k=1.

Therefore the minimum number of pigeons required (minimum number of integers selected) is kn+1=3.

Example: How many cards must be selected from a standard deck of 52 cards (4 different suits of equal
size) to guarantee that at least three cards of the same suit are chosen?

Suppose there are 4 boxes, one for each suit (m=4 pigeonholes). Now cards are selected and placed in
the respective boxes reserved for that suit. Suppose 1 cards (pigeons) are selected to ensure at least 3
cards of the same suit. Then by general pigeonhole principle

{n—_1J+123
m

{n—_1J+123
4
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n-1.,
4

Nn>9, minimum 9 cards must be chosen.

Example: What is the maximum number of students required in a discrete mathematics class to be sure
that at least six will receive the same grade if there are five possible grades A, B, C, D and F?

Given that only 5 grades (m =5 pigeonholes) are available. Suppose n students (pigeons) are required
to ensure at least 6 will receive the same grade. Then by general pigeonhole principle

[E:}J+126
m

[E:}J+126
5

n__125
5

N> 26, minimum 26 students are required.

Example: What is the maximum number of students required in a discrete mathematics class to be sure
that at least six will receive the same grade if there are five possible grades A, B, C, D and F?

Given that only 5 subjects (m=5 pigeonholes) are available. Suppose n students (pigeons) are required
to ensure at least 5 students belongs to the same subject. Then by general pigeonhole principle

[323J+125
m

5
N> 21, minimum 21 students are required.

Principle of Inclusion and Exclusion

When two jobs can be done at the same time we cannot use the sum rule. Because the addition leads to an
overcount since the ways to do both jobs are counted twice. Therefore we add the number of ways to do
each of the two jobs and then subtract the number of ways to do both jobs. This technique is known as the
principle of inclusion - exclusion.

If A and B are finite subsets of a finite universal set U , then n(Au B) = n(A)+n(B)—n(Am B)

If A, B and C are finite subsets of a finite universal set U, then
n(AuBUC)=n(A)+n(B)+n(C)-n(AnB)-n(BNC)-n(CnA)+n(ANBNC)
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This principle can be extended to any number of finite subsets.

Example: Find the number of integers between 1 and 500 that are not divisible by any of the integers 2,
3and 5.

Let A, B, C be the set of integers that lies between 1 and 500 both inclusive and that are divisible by 2,
3 and 5 respectively.

Therefore |A|= @Jzzso, B|:{@J:166, c|- @J:mo
2 3 5
|AﬁB|=L500 —83, |BmC|:[@J:33’|AmC|: 500J:50
2x3 | 3x5 | 2x5
|AmBmC|:L 500 J:16
2x3x5

|AUBUC|=|A/+|B|+|C|-|AnB|-|BNC|-|CNA+|AnBNC|

=(250+166+100)—(83+50+33)+(16) =366

Therefore total number of integers not divisible by 2, 3, 5 = 500 - (no. of integers divisible by 2, 3, 5)
=500-366=134

Example: Find the number of integers between 1 and 250 both inclusive that are divisible by any of the
integers 2,3,5and 7.

Let A, B, C, D be the set of integers that lies between 1 and 250 both inclusive and that are divisible by
2, 3,5, 7 respectively.

Therefore |A|:L@J:125, |B|:L@J:83, c|:{@J:50, D|=L@J=35

2 3 5 7
AnEl=| 252 |1 [ercl=| 2216 [cpl=| 22 |7 janol| 22|

2x3 3x5 5x7 2x7
|AmBﬁC|=L 20 J=8, |AmBmD|=[ 20 J:5,|BmCmD|=[ 20 J:2,|AmCmD|=[ 220 J:
2x3x5 2x3x7 3x5x7 2x5x7

|AmBmCmD|={AJ=1

2x3x5x7
|AUBUCUD|=|A+|B|+|C|+|D|-|AnB|-|BNC|-|CD|-|AnD|-|ANC|-|BND)|
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+|AnBNC|+|AnBND|+[BNCND|+|AnCND|-|AnBNCND|

=(125+83+50+35)—(41+25+17+16+11+7)+(8+5+3+2)-1=193

Example: Determine the number of positive integers 1, 1<n <1000 that are divisible by 5, but not by 7
and not by 9.

Let A, B, C be the set of integers that lies between 1 and 1000 both inclusive and that are divisible by 5,
7 and 9 respectively.

1 1 1
Therefore |A = V:OJ LO;)OJ 142, |C|= [OSOJ 111

ARB|= [100% 28, |BAC|= FOO;’J 15, |ARC| = FOOO J 22

5x9

|AmBmC|:{ 1000 J:

BEx7x9

The number of integers divisible by all the numbers (5,7,9) =3

|Am B| —|Ar\ B mC| =28-3=25, No. of integers divisible by 5 and 7 but not by all the three
|ANC|-|ANBANC|=22-3=19, No. of integers divisible by 5 and 9 but not by all the three

|A| —25-19=200-25-19=153, No. of integers divisible by 5 but not by 7 and not by 9.

Example: Determine the number of positive integers N, 1<n <2000 that are not divisible by 2, 3 or 5,
but are divisible by 7.

Let A, B, C, D be the set of integers that lies between 1 and 2000 both inclusive and that are divisible by
2, 3,5, 7 respectively.

2000 2000 2000 2000
Therefore |A| = { > J [ 3 J 666, |C|= { : J 400, |D|= [ - J 285

ARB|- LZOOOJ 333, [BC|- VOOOJ 133,[C D) - VOOOJ 57, |A D| = LZOOOJ 142

2x3 3x5 5x7 2x7
AABAC|=| 222 |66, [AnBAD|=| - |_47

2x3x5 2x3x7
|IBNCND|= 2000 =19, |AnCND|= 2000 =28

3x5x7 2x5x%x7
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|AmBmCmD|:[—
2x3x5x7

2000 J

Also the number of integers divisible by all 2,3, 5and 7 is =9

|Am BN D| —|Am BNCn D| =47-9=38, No. of integers divisible by 2, 3, 7 but not by all (2, 3, 5, 7)
|B NCN D| —|Ar\ BNCn D| =19-9=10, No. of integers divisible by 3, 5, 7 but not by all (2, 3, 5, 7)
|AmC ) D| —|Aﬁ BNCn D| =28-9=19, No. of integers divisible by 2, 5, 7 but not by all (2, 3, 5, 7)

|D| —38-10-19=285-38-10-19 =218, No. of integers divisible by 7 but not by 2, not by 3 and not by 5.

Note : The number of r combinations of n distinct things with unlimited number of repetitions
= The number of ways of distributing r similar balls in n number of boxes

=The number of non negative integer solutions of X + X, +...+ X =X
=(n—=1+r)Cr

Example: Use principle of inclusion and exclusion to determine how many solutions does the equation
X1+X2+X3 =11 have?, where 0< XISB, OSXZ 34, OSX3 36,

Let us find the total number of solutions of X +X, +X; =11 where X 20, X, 20, X, >0.
Itis N =(3+11-1)C11

=13C11
=13C2

=78
Let A, B, C represents the set of solution with the property X, >3, X, >4, X, > 6 respectively.

Therefore required number of solutions is N —|Au B UC|
ie. N=(|A+|B|+|C|-|AnB|-|BNC|-|[CNA[+|AnBANC])....Q1)

|Al:No. of solutions when x, =4,5,...,11. Now (X2 <7, X, < 7)
~(3+7-1)C7
=9C7
=36

|B| =No. of solutions when x, =5,6,...,11. Now (Xl <6, % < 6)
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= (3+6-1)C6
~8C6
=28

|C| =No. of solutions when X;=7,8,...,11. Now (X2 <4, X < 4)
— (3+4-1)C4
=6C4
=15

|Am B|: No. of solutions when x >4, x, >5. Now (X3 < 2)
=(@3+2-1)C2
=4C2
=6

|Br\C| = No. of solutions when X, 25, X, 27. Now (X1 < —1), not possible.
=0

|Cr\AI = No. of solutions when X327, X, 24 . Now (X2 < 0)
—(3+0-1)CO
=2C0
=1

|ANBNC|= No. of solutions when % >4, X, 25, X; 7, not possible.
=0

From (1), required number of solutions =78 —36-28-15+6+0+1-0)=6

Example: Use principle of inclusion and exclusion to determine how many bit strings of length 8 either
start with a 1 bit or end with the two bits 00’s?

Let A represents the set of strings of length 8 starting with 1.
Let B represents the set of strings of length 8 end with 00.

Therefore required number of strings is |AU B|

ie. |[AUB|=|A+|B|-|ANB,

|A| =2" =128 {because first place is 1 and the remaining 7 places are filled by either 0 or 1}

|B| =2° =64 {because last two places is 00 and the remaining 6 places are filled by either 0 or 1}

|Am B| =2°=32 {because first place is 1 and last two places is 00 and the remaining 5 places are filled by
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either 0 or 1}

Therefore |AUB|=128+64-32=160.

Euler’s Phi Function:

ForNeZ',n>2, let #(n) be the number of positive integers M, where 1<m<n and gcd(m,n) =1 that s,

m, N are relatively prime.
Result: ¢(p)=p-1if P isprime.

#(4)=2. Because 1<m=1,3<4and gcd(1,4) =1, gcd(3,4) =1

#(n) = n(l_ij(l_i],_(l_ij where [y, Py, ..y Py, are distinct prime factors of 1.
1 p2 pm

Example: Use the principle of inclusion-exclusion to derive a formula for g(n) when the prime

. . . a a a,
factorization of 1 is N =P, P,*..... o

Let N = P/ py2...py” where Py, Py, -y Py are distinct prime factors of Nl and ¢; 1.

LetU ={1, 2,3, ......, n}.
Let A be the subset of U containing the integers that divisible by [3;.

Now the integers in U relatively prime to Il are those in none of the subsets A A, LA,

Therefore ¢(n)=ANA N..0 A =U[-|[AUA U..UA.
n n

Al =" Al= ) eeranan ) =

s0[Al=p [ANA= T AN AR =

Therefore by principle of inclusion and exclusion
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EXERCISE

In a class of 50 students, 20 students play foot ball and 16 students play hockey. It is found that 10
students play both the games. Find the number of students who play neither.

A total of 1232 students have taken a course in Spanish, 879 have taken a course in French and
114 have taken a course in Russian. Further, 103 have taken a courses in both Spanish and
French, 23 have taken courses in both Spanish and Russian and 14 have taken courses in both
French and Russian. If 2092 students have taken at least one of Spanish, French and Russian, how
many students have taken a course in all three languages?

Hint: Find |SNF NR| from [SUF UR|=|S|+|F|+|R|-|SNF|-|F "R|-[SNR[+|SNFNR|

There are 2500 students in a college, of these 1700 have taken a course in C, 1000 have taken a
course Pascal and 550 have taken a course in Networking. Further 750 have taken courses in both
C and Pascal, 400 have taken courses in both C and networking and 275 have taken courses in
both Pascal and networking. If 200 of these students have taken courses in C, Pascal, Networking
(1) How many of these 2500 students have taken a course in any of these three courses C, Pascal
and Networking? (2) How many of these 2500 students have not taken a course in any of these
three courses C, Pascal and Networking?

Find the number of integers between 1 to 250 that are not divisible by any of the integers 2, 3, 5
and 7.

Find the number of integers between 1 to 100 that are not divisible by any of the integers 2, 3, 5 or
7.

Show that in any group of 8 people at least two have birthdays which falls on same day of the
week in any given year.
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Recurrence Relations

Definition: A recurrence relation for the sequence {Sn} is an equation that expresses S, in terms of the

previous terms, namely Sy, S;y Sy, S 4, for all integers N2 Ny, a non negative integer.

Example : Consider the Fibonacci sequence 0,1, 1, 2, 3,5, 8, 13, .........

Here a term is equal to sum of its previous two terms with starting values 0 and 1.

Therefore the recurrence relation is S, =S, ; +5,_,; subjectto $,=0, §, =1.

Definition: If the terms of a sequence satisfy a recurrence relation, then the sequence is called a solution
of the recurrence relation.

Example: Consider the sequence 2, 6, 18, 54, ...... If {an} represents this sequence, then the recurrence

a
=3, je. a,=3a,n20.

Assuming & =2, we have & =33,=3-2',8,=33,=3-6=3"-2 and so on. In general a,=2-3" It is the
general solution of the recurrence relation.

relation is

Example: Find the first four terms of the sequence defined by the recurrence relations and initial condition

2
an :an—l’ ai = 2
The first four terms are & =2, 8, =& =4, a,=a; =16, a, = a; = 256.

Note: A recurrence relation of the form 8y, +aV, 1 +&Y, o +...t8 Y, = f(n), N>K is called a linear
recurrence relation, where 8y, &;, &,,.....8, are real numbers.

Itis of order k if 8, #0 i.e. is Y, expressed in terms of the previous k terms.
If f(n)=0,itis said to be homogeneous. Otherwise non homogeneous.

A recurrence relation may be denoted by various notations as aoy(n) + a1y(n —1) + et aky(n - k) =f(n)

Instead of Y, any other dummy variable may be used.

Formation of Recurrence Relation

Example : Find the recurrence relation of the sequence S(n) =a":n>1,

Given s(n):a” and hence s(n—l):a”*l zia“
a
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as(n-1)=a"
Therefore a s(n —1) =S (n)

Example: Find the recurrence relation satisfying the equation Yy, = A(3)n + B(— 4)n

Given Yy, = A(3)n +B(- 4)n
Therefore y,,, = A(3)"" +B(-4)"" =3A3" - 4B(-4)"
Yoo = A(3)"" +B(—4)"" =9A3" +16B(-4)"

Eliminating the constants 1, A(3)" and B(-4)" from the three equations, we get

y, 1 1
You 3 —4=0
Voo, 9 16

Y, (48+36)-y,,(16-9)+Y,,,(-4-3)=0
84yn _7yn+l _7yn+2 =0
12yn “Yor Y2 = O’ forn>0

Aliter: Given Y, = A(3)" + B(-4)"
Therefore y_, = A(S)”’l + B(—4)”‘l =%A3” _% B(—4)"
12y, , =4A3"-3B(-4)"
Yoo =A(3)"+B(-4)"" = é A3" + % B(—4)"
144y, , =16A3" +9B(-4)"
Eliminating the constants 1, A(3)n and B(—4)n from the three equations, we get

. 1 1
12y, 4 -3=0
144y, 16 9

Y, (36 + 48) _12yn_1(9 —16) +144y. , (—3 —4) =0
84y, +84y. ,-1008y, ,=0

y,+V,,-12y, ,=0, forn>2

Note: Therefore 12y, =V,; =Y, =0, for n>0 is same as Y, +Y,, 12y, ,=0, forn>2

Solution of Linear Recurrence Relations
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Consider a second order recurrence relation &Y, +&Y,,+a,Y,,=f(n),n>2

Let the solution is Y, = complementary solution + particular solution.

Write the characteristic equation by putting Y, = m?, Yor=M Y, =1
am’+am+a,=0
Let the roots of the characteristic equation be m, m,.

Case (i) Case (ii)

If m =m,, then the If m =m, = (m), then the
complementary solution is
(A+B-n)m" where A, B are

arbitrary constants

complementary solution is

A-m+B-m; where A, B are
arbitrary constants

Case (iii)

If m=m, =(rcos@=+isind), then
the complementary solution is
(Acosnd+Bsinng)m" where

A, B are arbitrary constants

If f(n)=0, particular solution may be evaluated by assuming some standard substitutions which are

given below.

Form of f(n)

Assumption of particular solution

C, Constant
n

r]2
an
n%a"

cosné@/sinn@

a"cosn@/a"sinnd

a

A, a constant
An+A
AN’ +AN+A,

A-a"
(AN +AN+A,)

Asinné@+ Bcosné
a" (Asin né+ Bcos né?)

Example : Solve the recurrence relation y(k)—8y(k —1)+16y(k —2)=0

The characteristic equation is m*> -8m+16 =0
(m-4)(m-4)=0
m=4, 4

Therefore the general solution is Y(k) = (A+ Bk) 4

By using the initial conditions, we have
y(2)=(A+2B)-4? y(3)=(A+3B)-4°
16 =16A+32B........ (i) 80=64A+192B........ (i)

Solving (i) and (ii)

: k >2 ,where y(2)=16, y(3)=80
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64 =64A+128B
80=64A+192B

Subtracting 16=64B
B=4

From (i), 16 =16A+32x4
A=-T7

Therefore the general solution is Y(K) = (A+ Bk) 4K = (—7 + 4k) 4
Example : Solve the recurrence relation 8, =—=33, ; =33, , =, ; given that 8, =9,8, =9 and a, =15.

Given recurrence relation is a,+38, ,+3a, ,+a, ,=0

The characteristic equation is m*+3m?+3m+1=0
Here m=-1isaroot. By synthetic division, we get m* +2m+1=0

(m +1)2 =0
m=-1 -1

Therefore the general solution is a, = (A+ Bn +Cn2)~(—1)n
By using the initial conditions, we have
a =(A+B-1+C-1°)-(-1)" a,=(A+B-2+C-2°)-(-1)’
8 =(A+B-0+C-0°)-(-1)° 9--A-B-C 15= A+ 2B +4C
S=A B+C=-14...() 2B +4C =10.....(ii)

Solving (i) and (ii)
2B+2C =-28
2B+4C =10

Subtracting 2C =38
C=19

From (i), B+19=-14
B=-33

Therefore the general solution is a, = (5 —33n+19n? ) (-D"

Example: Solve the recurrence relation S(n)— 3S (n —1) = 5(3n ), with 5(0)=2

The auxiliary equation is « —3=0 and hence a =3.
Therefore the complementary function is A3".
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Let the particular integral is of the form S(n)=cn (3”)
Therefore given relation becomes ¢ n(S” ) -3c(n-1) (3”’1) = 5(3”)
Comparing the coefficient of (3”) on both sides, we get ¢ n(3” ) -c(n-1) (3”) = 5(3”)
cn—c(n-1)=5
c=5
The solutionis S(n)=C.F +P.I = A3" +5n3"

Since s(0)=2, S(0)=A3"+5(0)3"
2=A

~.5(n)=2-3"+5n3"

Example : Solve G(k)-7G(k —1)+10G(k —2)=8k +6,for k> 2 .

The characteristic equation is m* - 7m+10=0
(m-2)(m-5)=0
m=2,5

Therefore the complementary function is A-2* + B-5*

Since RHS is of the form 8k +6, let the particular integral be assumed as G(k) = a, + aik .
Using this in the given recurrence relation, we have

(2 +ak)-7(a+a,(k—1)) +10(8 +a,(k-2)) =8k +6
(a,+ak)-7(a,+ak—a,)+10(a, +ak—2a,)=8k+6
Comparing the coefficients of k and constants, we get
a —7a,+10a =8 and & —73,+7a +10a,-20a =6
4a, =8 and 4a,-13a =6
a, =2 and 4a,-13x2=6
a,=8
Therefore the solution is G(k)=C.F + P.I = A-2* +B.5¢ +(8+ 2k)

Example : Solve the recurrence relation &,,, —a, =3n°-n,n>0, a, =3,

The auxiliary equation is @« —1=0 and hence o =1.

Therefore the complementary function is K -1".

Here RHS is of the form (3n2 - n) 1" and also characteristic rootis 1,
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let the particular integral is of the form a, = (An2 +Bn+ C) n. Hence a,, = (A(n +1)°+B(n+1) + C)(n +1)
Therefore given relation becomes (A(n +1)°+B(n+1)+ C)(n +1) —(An2 +Bn+ C)(n) =3n°-n
(A(+1)°+B(n+1)*+C(n+1))—(An®+Bn’+Cn)=3n°—n
A(n°+3n*+3n+1)+B(n*+2n+1)+Cn+C - An’~Bn’~Cn=3n"—n

Comparing the like coefficients, we get

3A+B-B=3 3A+2B+C-C=-1 A+B+C=0
A=1 2B=-4 1-2+C=0

Therefore particular integral a, = (n2 -2n +1) n

Therefore the general solutionis a, =CF + Pl =K -1" + (nz -2n +1) ‘n

Example: Solve &,,—6a,+9a, = 3(2n )+ 7(3n ),n >0 giventhat 8,=1 a =4,

The characteristic equation is m* —-6m+9=0
2
(m-3)"=0
m=3, 3
Therefore the complementary function is (A-I— Bn)-3”

. . 2 . .
Let the particular integral be a4, = C-2"+Dn"-3 , since 3 is the double root.
Using this in the given recurrence relation, we have

(C-2"*+D(n+2)*-3"%)-6(C-2""+ D(n+1)*-3")+9(C-2"+ Dn*-3")=3(2")+7(3")
(4C-2"+9D(n+2)*-3")-6(2C-2"+3D(n+1)*-3")+9(C-2"+Dn’*-3")=3(2")+7(3")
(4C-2"+9D(n+2)*-3")-6(2C-2"+3D(n+1)*-3")+9(C-2"+ Dn?-3") =3(2")+7(3")

Comparing the like terms, we have
(4C-12C+9C)=3 & 9D(n+2)*-18D(n+1)*+9Dn*=7
C=3 9Dn” +36D +36Dn —18Dn” —18D —36Dn+9Dn” =7
18D =7
7

D=—
18

Therefore the particular integral becomes a_ =3-2" + % n?.3"

84
https://doi.org/10.5281/zenodo0.15287608



Hence the general solution is &, =CF +PI
a,=(A+Bn)-3"+3-2" +%n2 -3

By using the initial conditions,

a, =(A+|3-1)-31+3-21+%12-3l

7
=(A+B-0)-3°+3.2°+—0%.3°
% ( " ) i +18 4:3A+3B+6+%

1=A+3 and 7
A=-2 4:—6+SB+6+€
=1
18

Therefore a, = —2+£n -3“+3-2”+1n2-3n
18 18

Example : A factory makes custom sports car at an increasing rate. In the first month only one car is
made, in the second month two cars are made, and so on, with n cars made in the nth month.
i. Setup recurrence relation for the number of cars produced in the first n months by this
factory.
ii. How many cars are produced in the first year?
Given that

End of 1 2 3 n ..
month

No. of cars 1 2 3 n ..
produced

Let &, represents number of cars produced in n months. Then &, =8 ,+1 N>1 such that 8 =0.

Now we solve the recurrence relation.
The auxiliary equation is ¢ —1=0 and hence a =1.
Therefore the complementary function is A-1".

Let the particular integral is of the form &, = KN, since RHS is 1 and 1 is a root of the auxiliary equation.
Therefore given relation becomes Kn—-K(n-1) =1
K=1
The solutionis &, =C.F+P.l=A.1"+n
Since 8,=0, a,=A-1"+0
0=A
Therefore @, =N
Number of cars produced in first year (n =12) is a,, =12
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EXERCISE
Find the recurrence relation of the sequence S(n) =a":nx1
Solve: @, =33, ;, for k>1 with 8, =2.
Write a particular solution of the recurrence relation &, =6a, , —9a, , + 3"
Solve @,-5a ,+6a ,=0.
Solve the recurrence relation 8, =8a ,-16a _, n>2, for a,=16,a =80.

Find the solution to the recurrence relation &, =62, , —11a , +6a, 5, with the initial conditions

a, =2, a4 =5 and a, =15.
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Generating Functions

Definition: The generating function for the sequence Sy, S;y Syyueveey Sy evene of real numbers is the infinite

series G (S, Z) =85, + 5121 + 8222 Font S 2"+ = Z:Skzk where ; is the dummy variable.
k=0

Note: The generating function for the sequence 1, 2, 3, 4, .... is given by

The generating function is G(a,z)=1+az' +a’z’ +....+a"z" +.....
=(1-az) " if |az|<1

1 . 1
:m if |Z|<ﬂ,a¢0

Solution of Recurrence Relation by Using Generating Functions

Example: Use generating function to solve the recurrence relation s(n)—7s(n—-1)+6S(n—2)=0, for
n>2 with s(0)=8, S(1)=6.

For our convenience, rewrite the given equation as Sn —7Sn_1 + 65n_2 =0 for n>2 with SO =8, Sl =6.

Given that S, —7S,,+6S,,=0 for n>2.

Therefore Y, S,2"=7Y. S,,2"+6) S, ,2"=0
n=2 n=2 n=2

Zw: Snz“—7zi Sn_lz"*1+6222w: S, ,2"%=0
n=2 n=2

n=2

(8,22 +8,2° +......) = T2(S,2" +8,2° +.....) +62° (S, + 8,2 +8,2° +......) =0
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[G(S,2)-S,-8,2 |-72[ G(S,2)-S, | +62°G(S,2) =0

[G (S.2)-8-62]-72[G(S,2)-8]+62°G(S,z)=0
2)(1-72+62°)-62+562-8=0
z)(622—7z+1)=8—502

8-50z

G(S,z):m

8-50z

(6z-1)(z-1)

8-50z

(1-6z)(1-z)

8-50z _ A N B
(1-6z)(1-z) (1-6z) (1-2)

8—50z=A(1-z)+B(1-62)

G(S,z)=

G(S,z)=

When z=1 z:1
6
-42 =-5B 8—5—0—A( —lj
6 6
42 =5B —E 5A
6 6
5 5

(1-62)(1-2) 5(1-62) 5 (1-2)

G(S,Z):_§(1_62)1+4_52(1_Z)1
G(S,z)=— §(1+(62)+(62)2+"')+4_52(1_(Z)+(Z)2—___)

Therefore the general solution is given by

S, = coefficient of z"in G(S,z)= —26” +4—521”

Example : Using the generating function, solve the difference equation Y, = Yn1 — 6yn =0,n2>0 with

Yo = 2, Yi =
88
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o0

Let G(y, Z) = Z YoZy = Yo+ ViZ' +Y,2° +..... be the generating function of the sequence {yn} .
n=0

Given that Y,,, =Y., —6Y, =0 for n>0.

Therefore ), Yp,2" =D You2" =6 ¥,2"=0
n=0 n=0 n=0

0

1 1&
_ZZ yn+22n+2_zz yn+lzn+l_6z ynzn:0
n=0

n=0

G(y.2) i—l—ﬁj—i—iﬁ:o

A 2 1% 1
INEERANS
G(y.2) 2_12_%_6j:2+§2—22
G(v,2) 1—22—2622]:22—22
G(y’z)zl—zz_—zzz
G(y’z)_GZZZJ:zZ—l
G(y,z)z 71-2

(1-3z)(1+2z2)
z-2 A B

(1-32)(1+22) (1-32) (1+22)
z-2=A(1+22)+B(1-3z2)
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z-2=A(1+22)+B(1-3z)
When z:—E z:1
3
—1—2:8(1+§) 1—2=A(1+3j
2 2 3 3
5_5, 5.5,
2 2 3 3
B=-1 A=-1
-2 _ -1 N -1
(1-3z)(1+2z) (1-3z) (1+2z)
2-12 1 1
G(y,2)= =

(1-32)(1+22) (1-32) (L+22)

G(y,z) (1—32)'1+(1+22)_l

G(y.2)=(L+(32)+(32) +...) +(1-(22)+(32)" ..

Therefore the general solutionis Y, = coefficient of z" in G(y,z)=3"+(-2)"

Example : Solve the recurrence relation &, =38, ; +2,N 21 with 8, =1 by the method of generating
functions.

For our convenience, let us rewrite the recurrence relation as Y, =3Y,;+2 such that Y, =1.

Given that Y, = 3yn_1 +2 for n>1.
Therefore ), ¥,2" =3 y,,2"+) 27"
n=1 n=1 n=1

(ylzl+yzzz+ygz3+ ...... )=3(yozl+ylzz+ ...... )+2(zl+22+z3+ ...... )
(yO+y121+y222+y323+ ...... —yo):SZ(yo+ylzl+ ...... )+22(1+zl+22+ ...... )
(G(Y.2)-y,)=32G(Y,z)+2z(1-2)"
(G(Y.2)-1)=32G(Y,z)+2z(1-2)"

22

G(Y,z)(1-3z) :E+1
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G(Y,z)(1-3z)= 22172

1-z
z+1
)=y
By splitting in to partial fractions, z+1 _ A N B
, ) (1-3z)(1-z) (1-3z) (1-2)
G(Y,z)= -
(1-3z) (1-2) z+1=A(1-2)+B(1-3z)
G(Y,2)=3(1-32) " ~2(1-2)" Put =1 Put z=0
G(Y,2)=3(1+(32)+(32)" +...)~2(1+(2)+(2)" +...) B——2  A=3

Therefore the general solution is given by
y, =coefficient of z" in G(Y,z)

y,=3:3"-2.1"

Example : Use the method of generating function to solve the recurrence relation
a,=4a,,—-4a_,+4",n>2 giventhat 3,=2, a =8,

For our convenience, let us rewrite the recurrence relation as Y, =4y, -4y, , + 4" such that

yo:2’ y1:8-

n=0

Given that Y, =4Y,,—4Y, ,+4" for n>2.

0

Therefore i y.Z" = 4i YoaZ" —45: Yoo 2"+, 47"
n=2

n=2 n=2 n=2

(y222+y323+ ...... ):4(y122+y223+ ...... )—4(y022+ylz3+ ...... )+(4222+4323+ ...... )

(6(Y.2) 3o 2) =42(6(Y ) ~yo) 426 (¥,2)+

-1-4z

(G(Y,z2)-2-82)=4z(G(Y,z)-2)-42°G(Y,z)+

1
1-4z

-1-4z

1-4z
—1-4z+2

G(Y,z)(1-4z+47%)=

G(Y,z)(1-2z)’ = 1_142 +1-47

1+ (1-42)*

Gv.2)= (1-22)° (1-42)
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By splitting in to partial fractions,
2 4
G(Y,z)=- +

(v.2) (1—22)2 (1-4z)
G(Y,z)=-2(1- 22) +4(1-4z
G(Y,2)= —2(1+2(2z)+3(2z)

)l
+.. )+
(1+(4z )

Therefore the general solution is given by
y, = coefficient of z"in G(Y,z)

y,=—2-(n+1)-2"+4.4"
yn :4n+1 _ (n -I-l) . 2n+1
Example :

n>0,8,=2 and a =1.

. . n
For our convenience, let the recurrence relation be Y., —2Y,,+Y, =2,

0

Let G(Y,2)= D _¥,Z, = Yo+ Y,Z' + Y,2° +

n=0

Given that Yy, =2Y,,+ Y, =2, n20.

" _ZZ yn+1Zn +Z ynzn =
n=0 n=0

Therefore Z Yni2l
n=0

n=0

(Vo +ys2' +y,2° +

iz(yzz2 +y, 28 +y, 2% +

N

Z(6(v.2)-,

1
2

. (G(Y.2)-2-7')-

z
1 2 2 1

Y.2)| S-S41]-S -4l

( Z)(z z+j Z 72

1-2z+2%) —-2—z+4z
G(Y'Z)( 72 J+ 72 =

G

1
1-2z

Using generating function method solve the recurrence relation a,,,

2"z"

C

1+ (1—47)? A B
+
(1-42)

(1-22) (1-42) (1-22) (1-22)

1+ (1-42)? = A(1-22)(1-42) + B(1- 42) +C (1-22)°

Put 2z2=1 Put 4z=1 Put z=0

2=-B 1=% 2=A+B+C

B=-2 Co4 A=0
-2a,,,+a,=2" where

n>0 such that Y, =2, ¥, =1

be the generating function of the sequence {yn} .

ylzl)—g(G(Y,z)—y0)+G(Y,z)=(1—22)1

E(G(Y,z)—z)+e(\(,z)=(1—2z)*1
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1-2z+7*)_ 1  3z-2
z? 1-2z 7°

G(Y, z)(

(1-2)*> 7*-3z+2+62°-4z
&(¥.2) 2z 2’ (1-2z)

T2 -Tz+2
1-2)*(1-2z)
By splitting in to partial fractions,

G(Y,z2)

3 2 1
SO ey )

G(Y,z)=3(1- 2)71—2(1—2)72 +(1—22)71

G(Y,z) =3(1+ Z+2%+..... )—2(1+22 + 322 +)
+(1+(22) +(22)? +)

Therefore the general solution is given by

y, = coefficient of z" in G(Y,z)

y,=3-n-2-(n+1)+2"

722 -T72+2 __A N B N C
1-2)*(1-2z) (1-2) (1_2)2 (1-2z)

77°-71+2=A(1-17)(1-22)+B(1-22)+C(1-2)°

~—

Put z=1 Put z:% Put z=0
Z__+2—E
2-_B 1 2 2=A+B+C
=2 1=C A=3

Example : A valid code word is an n-digit decimal number containing even number of 0’s. If 4, denotes

the number of valid code words of length n then find an explicit formula for @, using generating

functions.

Let @, be the number of valid n-digit codewords. Now a, =9because the string 0, is not valid.

To form a valid n-digit string from strings of n—1 digits.

Method 1:

A valid string of n digits can be obtained by
appending a valid string of n-1 digits with a digit
other than 0.

This appending can be done in nine ways. Hence, a
valid string with n digits can be formed in 9a, ,

ways.

Method 2:

A valid string of n digits can be obtained by
appending a 0 to a string of length n—1 that has an
odd number of 0 digits.

The number of ways that this can be done equals
the number of invalid n-1 digit strings. Because

there are 10" strings of length n-1, and @,; are

valid, there are 10" —a_; valid n-digit strings.
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All valid strings of length n are produced in one of these two ways. Therefore

a,=9,,+(10" -a,,)
=8a, ,+10™

To solve &, =8, ; +10™ subject to & =1(assumption), a, =9 by generating function.

With usual notations, Y, =8Y,;+10"*, n>1 subject to Y, =1, ¥, =9.

> ynz“=82n: yn_lz”+Zn: 102"
n=1 n=1

n=1

n n n
>y =82) vy, 2" +z) 10m ™
n=1 n=1 n=1

G(Y,z)-y, =82G(Y,z)+z[1-10z]"

z
1-8z)G(Y,z)=1
(1-82)G (Y. 2) =1y
1-10z+z
1-8z)G(Y,z)=
(-8r)o(r.0) =00
1-9z
G(Y,z)=
2=y a107)
1 1 1 By partial fraction
G(Y,z)= =
)= e 20 192 __A B
L1 . (1-8z)(1-10z) (1-8z) (1-10z)
1-82)"+2(1-102) 1-92 = A(1-102)+ B(1-82)

G(Y.z)=

1

l+(82)+(8z)2 +...}+

()]
—~
<
N
SN—
[l |
P NN, N N
—

E[1+(10z)+(10z)2+..]

Therefore the general solution is given by
y, =coefficient of z"in G(Y,z)
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==-8"+=-10"
Yo =75 >

1-9z=A(1-10z)+B(1-8z)

When z:i z:1
10 8

1—g = B(l—ij 1—2 = A(l—gj
10 10 8 8
1 g2 12,
10 10 8 8
g1 A=l

2 2

Example: Use generating function to determine how many solutions does the equation X, +X, +X; =11

have?, when

(i) X, X,, X; are non negative integers

(ii) Integersand 0<% <3, 0<X,<4,0<x,<6
(iii) Integersand X 22, X, 23, X; 24,

X +Xo+Xg 11

Let X =X" and hence X®-X%-X®=x

(i) X, X, X; are non negative integers

0, 1, 2 0, 1, 2 0, o1, 2
Therefore the generating function is G(X):(X + X +X +"")(X + X +X +"")(X + X +X +)

[l
—_

Lt X X (L K o) (L X ]

The number of solutions for X, +X, +X; =11 is the coefficient of X" in G(x).
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Coefficient of X" is St = 13 = B =%=78
11 11 2 1.2

(i) 0<% <3, 0<x,<4,0<x,<6

The generating function with the given condition is

Xll

(X + % x4 x4 x4 X+ X x4+
The possible solutions are (Xl, X', XG), (xz, x*, x5), (xz, X3, xﬁ), (xa, X2, xs), (x3, x4, x“)
The solutions are (1, 4, 6), (2,4,5), (2,36), (335),(34,4)

(iii) X 22, X, 23, X 24,
The generating function with the given condition is

G(x)

(X + o+ X e (1 X ) (X X+ X

:x2(1+ X+ x2+----)-x3(l+x+ x2+----)-x4(1+x+ x2+----)

2(\ A1 _ 92
The number of solutions for X, + X, + X; =11 is the coefficient of X (X =X XX ) in the expansion of
G(x).

3+2-1) (4) 4.
Coefficient of X2 is = =—=06
2 2) 1.2

w
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EXERCISE
Write the generating function for the sequence 1, @, a’,a’
Find the generating function of Fibonacci sequence.

Use the method of generating function, solve the recurrence relation S, +35,, —4S,,=0:n2>2

given So =3 and S, =-2.

Solve the recurrence relation @, — 78, ; +6a, , =0,n>2 with the initial conditions 8, =8, &, =6
using generating function.

Solve the recurrence relations S(n) =S(n-1)+2S(n—2) with S(0)=3, S(1) =1; n>2 using
generating function.

Using generating function, solve the recurrence relation @, — 5an—l + Gan,z =0 where N22, d, = 0
and a, =1.

Using generating function solve: Y., =9Y,,, +6Y, =0,n20 with ¥, =1, y, =1.

Use generating functions to solve the recurrence relation d, — 2a,,-3a,,=0,n>2 with

=38 =1
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UNIT III - GRAPHS

A graph G= {V, E} consists of non empty set of vertices V and a set of edges E such that each edge is

mapped to an unordered pair of vertices.

Note: To draw the graph, vertices are denoted by small dots and edges are denoted by a line joining the
vertices. Each edge has either one or two vertices associated with it, called its endpoints

Example: Let G={V, E} where V ={v,, v,, v, v, V; }

and E={e, e, e, €, &,¢€; €, &} suchthat

e, =(V, v,) e, =(V, V,) e =(Vs, V) e, =(Vy, V) e ..
G
e =(Vs, V3) e =(V, V) e, =(V,, V) e =(Vy, Vs) es
)
[}
. ;
G1 e
G2 Ga
Examples of some Graphs
Note:

e Asingle vertex itself a graph (trivial) and a single edge itself a graph

e A npair of vertices that are connected by an edge is called adjacent vertices — (Vl, v,), (V3, V2)
o Iftwo edges are incident with a common vertex, then they are said to be adjacent edges — e,, ¢,
o Ifthe end vertices of an edge are same, it is called a self loop — e,

e If more than one edges have the common end vertex, they are called parallel edges — ¢, €,

Definition: A graph which has neither self loop nor parallel edges is called a simple graph. A graph
which contains parallel edges is called multigraph. A graph which has self loops and parallel edges is
called pseudo graph.

Simple Graph Multi Graph Pseudo Graph
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Definition: The number of edges incident on a vertex, counting self loop twice, is called the degree of

the vertex.

In the above graph G, deg(v,)=3, deg(v,)=4, deg(v,)=5 deg(v,)=3 deg(v;)=1
A vertex with degree 1 is called a pendant vertex.

A vertex with degree 0 is called isolated vertex. It is not adjacent to any other vertices

If there is an edge between two vertices, they are said to be adjacent.

A graph with only isolated vertices is called null graph.

Example: Draw the graph with 5 vertices A, B, C, D, E such that deg(A)=3, B is an odd vertex, deg(C)=2

and D and E are adjacent.
C

E D

The Handshaking Theorem : The sum of degrees of all vertices of a graph is twice the number of edges.

Proof: Let G be a graph with n vertices and 'e' number of edges.
We know that each edge is incident on two vertices.
So each edge contributes two degrees.

Therefore 'e' number edges contributes '2e' degrees.

ie. iZl:d (v;)=2e

Example: If all the vertices of an undirected graph each of degree k, show that the number of edges of

the graph is a multiple of k.

Let G be a graph with n vertices and 'e' number of edges.
Since all vertices each of degree k, the total degree of the graph is nk.

By the hand shacking theorem, ) d(v;)=2e
i=1

nk =2e

iy

i.e. the number of edges of the graph is multiple of k.

Do you know: In the above example, suppose all vertices are each of odd degree k, then e =....7
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Example: How many edges are there in a graph with 4 vertices each of degree three?
Sum of degrees of all vertices = 4x3=12
But sum of degrees = 2 (number of edges)
Therefore 12 = 2.e
e=6

Example: What is the largest possible number of vertices in a graph with 35 edges and all vertices of
degree at least three.

Given number of edges 35. Therefore sum of degrees is 2xno. of edges =70
Let there are n vertices and each of degrees at least 3. Therefore 3n>70

n27—0D 23
3

Therefore, largest possible number of vertices in the graph is 23.
Theorem: In any graph, the number of odd degree vertices is always even.

Proof: Let G be a graph with n vertices and 'e' number of edges

By previous theorem, we know that Z d (vi ) =2e
i=1

We split the LHS as sum of odd degree vertices and even degree vertices. Then

Yd(v)+Yd(v,)=2e

odd even

> d(v;)+Even No.= Even No.

odd

> d(v;) = Even No.

odd

In LHS each d(V;) is odd number and its summation is even number.

Therefore number terms in LHS must be even number. i.e. the number of odd degree vertices is
even.

Example: Show that there does not exist a graph with 5 vertices with degrees 1, 3, 4, 2, 3 respectively.

We know that in any graph the number of odd degree vertices are even. But in the given graph three odd
degree vertices are given. Hence a graph with these degree sequence does not exist.

Example: Is there a simple graph with degree sequence 1, 1, 3, 3, 3, 4, 6, 77

Sum of degrees = 28 which is even. Hence a graph exists with this degree sequence.
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But a simple graph contains no self loop or parallel edges. Plot the eight vertices namely
a,b,cd e f,g,h.
The vertex, say a, with degree 7 is adjacent to all other vertices in which two vertices are of

degree 1.
These pendent vertices may not be adjacent to any other vertices. The remaining vertices are only

5. Therefore a vertex with degree 6 is not possible and hence a simple graph is not possible.

Note: But a multigraph is possible with this degree sequence.

Definition: A graph in which the degree of all vertices are same is called regular graph.

Regular Graph with Regular Graph with Regular Graph with
3 vertices of degree 2 4 vertices of degree 2 4 vertices of degree 3

Example: How many vertices does a regular graph of degree four with 10 edges have?
Let n be the number of vertices.
Since each vertex has degree 4, sum of degrees is 4n
But sum of degrees is equal to two times number of edges
Therefore 4n=2x20
n=10

Definition: A graph with n vertices is said to be complete graph, if the degree of each vertices is n—1. It
is denoted by K, . Here all pair of vertices are adjacent.

K, K, K
Do you know?: Can a complete graph be a regular graph ?

Definition: If the vertices set of a graph G can be partitioned into two disjoint sets such that V, UV, =V

and each edge has one end vertex in V, and another at V, is called a bipartite graph.
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Example: Is the given graph bipartite? The Graph is bipartite because its vertex set is the

. b union of two disjoint sets, V,= {a, b, d} and
- V,={c, e f, g}, and each edge has one end vertex
i inV, and the other end vertexin V,.
f
£ el

Do you know? : For which values of n are these graphs bipartite? a) K, b)C, ¢ W,

n

In a bipartite graph if all the vertices of V, is adjacent to all the vertices of V,, it is said to be complete

bipartite. Itis denoted by K .

Va4 V5

Vi V2 V3

Bipartite Graph Complete Bipartite Graph K,, Complete Bipartite Graph K,

Note: Complete bipartite graph K,, have 2x3=6 edges.
2

Example: Prove that maximum number of edges in a bipartite graph with n vertices is T

A bipartite graph with V;|=n, and |V,|=n, vertices set have n, xn, edges subjectto n,+n, =n.

. . . . n .. .
Therefore maximum number of edges is attained when number of vertices n, =n, = 2 (if n is even)

n2

nn
Therefore maximum number of edges of a bipartite graph with n vertices is EX > T

Note: If n is odd, then n, = n;1’ n, = n;l

n-1 n+l n’-1 n
X = < —.

Therefore maximum number of edges of a bipartite graph with n vertices is > 2 2

2
Therefore maximum number of edges in a bipartite graph with n vertices is < T

Definition: Alternating sequence of vertices and edges starting and ending with vertices such that no
edge or vertex repeated more than once except the starting vertex is called a cycle. It is denoted by C,.
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Alternatively, A cycle C,, nx>3, consists of n vertices V,,V,, Vs ....... V.., V. and edges

n

(Vi ) (Vo Vg )y (Vas V) seveeen (Vs Vo ) (Vs V2 ) -

C, C, C,

Definition: A wheel graph W, contain an additional vertex to the cycle C, and connect this new vertex

to the n vertices of C, by a new edges.

W, W, W,

Do you know? : For which values of m, n are these graphs regular? a) K, b)C, ¢JW,  d)K

n m,n

Definition: A graph H is said to be a subgraph of a graph G if all the vertices and all the edges of H
are in G, and each edge of H has the same end verticesin H asin G. Itis denoted by H =G.
Note:

e Every graph is its own subgraph.
e Asingle vertex in a graph G is a subgraph of G.
e Asingle edge in G, together with its end vertices, is also a subgraph of G.

a b c o b C
N M
d I o € K

Subgraph H of G Graph G

A sub graph can be obtained by deleting a vertex | A sub graph can be obtained by deleting an edge
from the given graph. Deletion of a vertex means | from the given graph. Deletion of an edge means
the vertex and all edges incident on it. the edge only and not the end vertices.
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a b L
e
e
C d r
C
Subgraph obtained by deleting an C d Subgraph obtained by deleting an
vertex € Given Graph edge (b.¢)

Try this: Draw the complete graph K, with vertices A, B, C, D, E. Draw all complete sub graph of K, with

4 vertices.
(By deleting each vertices one by one, we get a complete subgraph with 4 vertices)

Definition: Let G ={V,, E;} and G, ={V,, E,} be any two graphs. The union of two graphs is a graph

G whose vertex setis V =V, UV, and edge setis E=E UE,.

) . a
I b
I b f b
e o
d e c
d
d

Glz{Vv El} GZZ{VZ’ Ez} G=G UG,

Definition: Let G, ={V,, E} and G,={V,, E,} be any two graphs. The intersection of two graphs is a
graph G whose vertexis V =V, "V, and edge is E=E NE,.

G, {V11 El} G, :{Vz’ Ez} G=G NG,
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Matrix Representation of Graphs:

Adjacency Matrix : Suppose G={V, E} is a simple graph where V ={v,V,,V,,....V;,V,}. The
adjacency matrix A(G) = [aij] is an nxn matrix, where
a; =1, if (v, v;)is and edge of G
=0, otherwise

Note: For multigraph/pseudograph the (i, j)" entry of this matrix equals the number of edges that are
associated to (vi, vj).

Example: Use an adjacency matrix to represent the simple graphs shown here:

[ d
H
G
We order the vertices as a, b, ¢, d. The adjacency matrix representing the graph G and H is
a b c d a b c d
afo 0 1 0 af0 0 0 O
b|0O 0 1 1 and b0 0 1 1
A(G) = A(H) =
c/l 1 01 cl0O 1 01
dlo 1 10 dio1 10

Example: Use an adjacency matrix to represent | We order the vertices as a, b, ¢, d . The adjacency

the pseudo graph shown here: matrix representing the pseudograph G is

a__——_ b a b c d

af0 3 0 2

b|3 0 1 1
AG) =

cl0 1 1 2

di2 1 2 0

Some Observations of Adjacent Matrix

e Adjacency matrix of a graph is based on the ordering chosen for the vertices. Hence, there are n!
different adjacency matrices for a graph with n vertices.
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e The adjacency matrix of a graph is symmetric
e Entry 1inthe (i,i)" position represents the loop at the vertex V.

e Sum of elements of a row or column represents the degree of the vertex.
e Two graphs G and H are isomorphic if and only if their adjacency matrices A(G) and A(H) are
related as P"A(G)P = A(H) where P is a permutation matrix.

(A matrix whose rows are the rows of the unit matrix, but not necessarily in the same order, is
called a permutation matrix)

01010

1 0011
Example: Draw a graph with the adjacency matrix A={0 0 0 1 1

11101

01110
Let a, b, ¢, d, e be the ordering of vertices. Then the edges are given The graph is given here.
by the pairs of vertices (a,b), (a,d), (b,a), (b,d), (b,e), (c,d), (c,e), ° 0

(d,a), (d,b), (d,c), (d,e), (e,b), (e,c), (e,d).

Because of symmetry, removing the repetitions, we have
(a,b), (a,d), (b.d), (b,e), (c,d), (c.e), (d,e)

Theorem: If A is the adjacency matrix of a graph G with V (G)= {Vl, Vy, e Vn}, prove that forany n>1,

the (i, j)" entry of A" is the number of v, —V; walks of length n in G.

Proof: We prove this by mathematical induction.

Suppose G is a graph with vertices v;, v,, ..., V, and A is the adjacency matrix of G.
Let P(n) : Forallintegers i, j=1,2,3,.....,n, the (i, j)" entry of A" is the number of walks of
length n from v, tov; in G.
To prove P() is true:
The (i, j)" entry of A" = the (i, j)" entry of A
= number of edges connecting v; to v; (by definition of adjacency matrix)
= number of walks of length 1 from v; to v; (walk of length 1 is an edge)

Assume that P (k) is true:
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. The (i, j)" entry of A“ = number of walks of length k from v, to v,
To prove P(k +1) is true:
Let A=(a;) and A“=(b;). Also A" = A A"

o (i, )" entry of A" = (i)"row of A x (j)" column of A"

Here @, is the number of edges from v, to v, and b; is the number of walks of length k from
v, tov;.

.. combining these two edge and walk, we get

a,b; = the number of walks of length k+1 from v, to v, with v, as its second vertex.

In general, a,,.b,, = the number of walks of length k+1 from v; to v, with v_ as its second

vertex.

- (i, j)" entry of A“* = the number of walks of length k+1 from v, to v, .

Hence by induction hypothesis, (i, j)" entry of A" = the number of walks of length n from
v, tov;.

Example: How many walks of length four are there from a to d in the following simple graph G.
i b

|‘Z.|r C

The adjacency matrix of the given graph is

(@]

A(G) =

o o T o
o R P O g
P O O Pr o
P O o B,
o r K O o

https://doi.org/10.5281/zenodo.15287638
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0110][0110] (2002

, 1001|1001/ (0220

A:AXA: X =
1001|1001/ 1]02 20
0110/[0110 2002
200 2] [200 2] [8 00 [g
0220[|0220

A= A2x A2 = X _|0 880
0220|0220 |0838 0
2002|2002 |800 8

Hence there are 8 walks of length four from a to d . They are

@Qababd (2)abacd (3)abdbd (4)abdcd

(5)acabd (6)acacd (Yacdbd 8acdcd

Incidence Matrix : Suppose G={V, E} is a simple graph where E={e, e, €;,.....6,,, €,} and
V ={V,, V,, V3,ueee.Vo g, V, } . The Incidence matrix 1(G) = [aij] is an nxm matrix, where
a; =1, if edge e, is incident with v,
=0, otherwise

Example: Use an incidence matrix to represent the graphs shown here:

W1 = 3 Vi <
e
a b Vs a g
f
V2 d Va Va2 d
We order the vertices Vv,, V,, V;,V,, V; row We order the vertices v, v,, V;,V,, V; row
wise and edges a, b, c, d, e, f column wise. wise and edges a, b, ¢, d, e, f, g, h column
The incidence matrix representing the graph wise. The incidence matrix representing the
is graph is
a b cde f a bcde f g h
vv(1 01 0 0 O v(1 01 00O01O0
v,;/j1 0 0 1 0O v,ij1 0 01 00 10
I(G)=v,;0 1 1 0 1 O I(G)=vw(0 1 1 0 1 0 0 O
v;O 1 0101 viO1 010100
v.{0 0 0 011 vi0 0 0 01 101
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Some Observations of Incidence Matrix

e Since every edge is incident on exactly two vertices, each column of | (G) has exactly two I's.

¢ Onlyone 1’s in a column represent a loop

e The number of I's in each row equals the degree of the corresponding vertex(for simple graph)

e Arow with all 0's represents an isolated vertex

e Parallel edges in a graph produce identical columns in its incidence matrix

e Permutation of any two rows or columns in an incidence matrix simply corresponds to relabelling
the vertices and edges of the same graph

e Two graphs G and H are isomorphic if and only if their incidence matrices 1(G) and 1(H) differ

only by permutations of rows and columns

Example: Using the incidence matrix of a graph G, show that the sum of the degrees of vertices of a
graph G is equal to twice the number of edges of G.

Let G be a simple graph and | (G) represents its incidence matrix. We know that the number of I's in

each row equals the degree of the corresponding vertex. Therefore total degrees of all vertices is sum of
all 1’s in the incidence matrix.
By definition of incidence matrix, each column, representing an edge, contains exactly two 1’s.

Therefore Total degrees of G = (Total number of 1’s in incidence matrix)

= 2 ( number of columns)
= 2 (edges)

Traversing a graph

Definition: A walk of a graph G={V, E} is a finite alternating sequence of vertices and edges

W={v,eV,e,..6 V&V, }, starting and ending with vertices such that each edge is incident with the

vertices preceding and succeeding it.

Note:

e Inawalkvertices may be repeated but not edges.

e Ifstarting and vertices are same vertex, it is called closed walk, otherwise, it is called open walk.

e Aopen walkis said to be a path, if the edges and vertices are distinct.

e The number of edges in a path is called the length of a path.

e A closed walk in which no vertex (except the initial and the final vertex) appears more than once is

called a circuit.
e Acircuitis a closed non intersecting walk
Open Walk W ={v, & Vs eV, V,e, v, }

Vig V2 Closed Walk W

, ez
26 | ev

= {Vl €6 V3 E5V; €, V,6; V.6 Vl}
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Open Path P={v,&Vv,eV,eV,}
Closed Path/Circuit P= {vl 8 V5 €,V, €, V,E, Vl}

Can we say that a closed walk is a circuit?

Definition: A vertex U of a graph G is said to be reachable from a vertex v, if there is a path from u to
V. A graph G is said to be connected if there is a path from every pair of vertices of G. Otherwise G is
said to be disconnected.

Note: A disconnected graph comprised of components.

N
I G
N

Disconnected Graph as there is no path between a and b. Connected graph

/\;
/\l
\/

\/

Theorem: Prove that a graph G is disconnected if and only if its vertex set V can be partitioned into
two non empty, disjoint subsets U and W such that there exists no edge in G whose one end vertex is in
subset U and other in subset W .

Proof: Suppose that vertex set V of a graph G can be partitioned into two non empty disjoint subsets U
and W as stated. Consider two arbitrary vertices 'a’ & 'b' of G such that acU and beW . No path
can exists between vertices 'a' & 'b'. Otherwise there would be at least one edge whose one end vertex

be in U and the other in W. Hence if partition exists, G is disconnected.

Conversely, let G be a disconnected graph. Consider a vertex 'a' in G. Let U be the set of all vertices
that are joined by paths to 'a'. Since G is disconnected, U does not includes all the vertices of G. The
remaining vertices will form a set W. No vertices in U is joined to any vertex in W by an edge. Hence
the partition exists.

n(n-1

Theorem: Prove that the maximum number of edges in a simple graph with n vertices is ( ) .

o : . n(n-1)
Proof: We prove this by induction on number of vertices of a graph. Let P(n): —

. , 1(1-1)
Let n=1. Then the graph is isolated vertex and hence it has no edges. Also P(1): — =0 edges
| 2(2-1)

Let n=2. Then the simple graph has one edge only. Also P(2) : — =1 edge.
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k(k-1
Assume that the statement is true for n=Kk vertices. Then the graph has P(k) : ( 5 ) =1 edges.

(k+1)((k+1)-1)

2
Now introduce the new vertex to the previous graph with k vertices and join it with new edges to the
already existing k vertices i.e. k edges.

k(k=1)
2

Let the graph has n=k +1 vertices. We have to prove P(k +1) :

Therefore total number of edges is =

k(k-1)+2k

(k+1)((k+1)-1)
2

n(n-1
Hence by induction, the statement is true for n vertices. i.e. P(n): ( > )

Alternate Proof:

Let G be a simple graph with n vertices. By hand shaking theorem, Zdeg (vi ) =2e, where € is number of
edges.
deg(v,)+deg(v,)+....+deg(v,)=2e

(n=1)+(n—1)+....+(n—1)=2e {maximum edges possible for complete graph}

n(n-1)=2e
o n(n-1)
2

Theorem: Prove that a simple graph with n vertices and k components can have at most
(n—k)(n—k+1)
2

edges.

Proof: Let G be a simple graph with n vertices and k components.

Let n, n,, ng,........ , N, be the number of vertices of k components of the graph G.

Therefore n, + n,+ N, +........ +n,=n.
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Since G is simple, each component is simple. We know that a simple graph with n vertices can

have maximum

n(n-1)
2

edges.

Therefore total number of edges of G =Sum of maximum of number of edges of each components

i=1 i=1 i=1

Squaring on both sides

[(n,~1)+(n, ~1) et (n, 1) =(n—k)?

[ n,—1)" +(n, =1)" +....+(n, —1)° + positive terms} =n?+k?—2nk

(
[(nf+1 2n,)+(n +1-2n, ) +..... +(nk2+1—2nk)J$n2+k2—2nk

K k

D nF=2>"n +k<n?+k*-2nk

i
i=1 i=1

[
D nf-2n+k<n’+k?-2nk
i=1

2<n®+k*=2nk+2n-k

'l\:ﬁ*

I
[iN

n’> <n®+k*-2nk+2n—KkK........... (2)

N

I
N

Substitute (2) in (1)

n (n —1) nz(n2—1)+

https://doi.org/10.5281/zenodo.15287638
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Total number of edges of G <

N |-

(n2+k2—2nk+2n—k)—1n
2

IA

[n2+k2—2nk+2n—k—n]

[(n—k)2+n—k}

IA IA
NI, NP N~

(n—k)(n-k+1)

Example: Show thata simple graph G with n vertices is connected if it has more than (n-1)(n=2)

edges.

Let G be a simple graph with n vertices and |E| number of edges.

Given that |E| > W
Claim: To prove G is connected.
Suppose G is disconnected with 2 components.

(n-2)(n-2+1)

Therefore by previous theorem, E| < >
| < (n-1)(n-2)
a 2
Thus if G is disconnected, then |E| < w

Therefore the contra positive statement is if |E| > then G is connected.

V(G
2

(n-1)(n-2)
2

Theorem: If G is a simple graph with §(G) > then G is connected.

Proof: Let G be a simple graph with number of vertices is |V (G)|=n and §(G) =minimum degree of G.

Let degree of all vertices of G is > g ie. 9(G) > n

2
Claim: G is connected graph

Let u, v be any two verticesin G. Let X be the set of all vertices which are adjacentto U and Y

be the set of vertices which are adjacent to v. Then d(u)=|X| and d(v)=|Y|.

Therefore number of vertices of union of X and Y is |X uY| <n-2 because U, V¢ (X UY).
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Then |X| = d(u) > 5(G) > EJ and |Y| = d(v) > 5(G) > PJ

Therefore |X| + |Y| > {EJ + {EJ > n-1

Consider
X UY[+]X AY[=|X|+]Y]

|X Y| =|X]+]Y]|-|X Y|
>(n-1)—-(n-2)=1

X NY|>1

Since X NY # ¢, choose a vertex We(X mY). Then uw and Wv are edges, then uwv is an U—V path in
G.

Thus for every pair of distinct vertices in G there is a path between them, Hence G is connected.

Theorem: Let G be a graph (connected or disconnected) with exactly two vertices has odd degree.
Then prove that there is a path between those two vertices.

Proof: Let G be a graph with all even vertices except vertices U and v, which are odd. We know that in
any graph, the number of odd degree vertices are even. Since the given graph has exactly two odd degree
vertices U & Vv, they belong to the same component. Hence there must be a path between U and v.
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ISOMORPHISM

Two graphs G, and G, are said to isomorphic if there exists a one-to-one correspondence between their

vertices, edges which preserves the incidence relationship.
i.e. the graphs must have

i. same number of edges
il same number of vertices
iii. incidence relationship.

Example 1: Establish an isomorphism for the following graphs.

U+ Us
U1 Ga U
Let us compare the nature of both the graphs:
Description G, G,
Number of vertices 3 3
Number of edges 6 6
Vertex with degree 4 vertices with degree 3 4 vertices with degree 3
Circuits with length 4 circuits with length 3 4 circuits with length 3
3 circuits with length 4 3 circuits with length 4
Mapping f(v,)inG, ="f(u)inG, f(v;)inG, =f(uy)inG,
f(v,)inG =f(u,)inG, f(v,)inG, ="f(u,)inG,
In both the graphs, since all vertices are of same degree, adjacency relationship is preserved.
Hence both the graphs are isomorphic

Example 2: Establish the isomorphism of the following pairs of graphs.
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Let us compare the nature of both the graphs:

3 vertices with degree 1

1 vertex with degree 3

Description G H
Number of vertices 6 6
Number of edges 5 5
Vertex with degree 2 vertices with degree 2 2 vertices with degree 2

3 vertices with degree 1

1 vertex with degree 3

Circuits with length No circuit exists

No circuit exists

preserved. Hence both the graphs are not isomorphic.

Even though the above data are common in both the graphs, they are not isomorphic as the
adjacency relationship is not preserved. Consider the vertices v, in G and u, in H. Both are of

degree 3. Hence they are mapped. But the adjacent vertices of v, having the degrees 2, 2, 1. But

the adjacent vertices of u, having the degrees 1, 1, 2. i.e. the adjacency relationship is not

Example 3: Check whether the following graphs are isomorphic or not.

- o

L L]

Let us compare the nature of both the graphs:

Description G H
Number of vertices 6 6
Number of edges 8 8
Vertex with degree 2 vertices with degree 2 2 vertices with degree 2
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4 vertices with degree 3 4 vertices with degree 3
Circuits of length 2 circuits of length 3 0 circuit of length 3
1 circuit of length 4 5 circuits of length 4
1 circuit of length 6 3 circuit of length 6
2 circuits of length 5 0 circuits of length 5

Considering the above facts about the circuits, we conclude that both the graphs are not
isomorphic.

Example 4: Are the simple graphs with the following adjacency matrices isomorphic?
0 01 011

A(Gl) =0 0 1

110

The degree sequence of both the matrices are 1, 1, 2 and 2, 1, 1. Therefore

Consider
0 01
A(G,)=|0 0 1
110
1 00
=1 0 O interchanging C, <> C,
011
011
=1 0 O /|interchanging R, & R,
100
= A(Gz)

Hence G, and G, are isomorphic.

Example 5: Establish the isomorphism of the following pairs of graphs, by considering their adjacency
matrices.
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Vi W1

va ® v V5 w2

V3
Va3

G2
G1

Example 6: Are the simple graphs with the following adjacency matrices isomorphic?

11000 01001
10101 01110
A((31):00011 and A(62)210010
01110 10101

The degree sequence of both the matrices are 2, 3, 2, 3 and 2, 3, 2, 3. Therefore

Consider
11000
10101
AG)=15 6 01 1

01110
10001
1 110 0}, .

= 01010 interchanging C, <> C,
00111
01001
1 110 0}, .

=100 1 0 interchanging C, <> C,
00111
01001

= 01110 interchanging C, <> C
10010 Lo
10101

:A(Gz)

Hence G, and G, are isomorphic.

Example 7: The adjacency matrices of two pairs of graph as given below: Examine the isomorphism of G

119
https://doi.org/10.5281/zenodo.15287638



and H by finding a permutation matrix.
0 01

01
As=/0 0 1|,A,=[1 0
110 10

o O -

Solution: Let v,, v,, v, be the vertices of G and uj, u,, u, be the vertices of H .
Considering the degree of vertices of G and H , permutation matrix P can be obtained as follows:

Since deg(V;)=deg(u,), the first row of I, can be taken as second row of P
Also deg(v,)=deg(u,), the second row of I, can be taken as third row of P.

And deg(v;)=deg(u, ), the third row of I, can be taken as first row of P.

0 01
Hence P=|{1 0 O
010
Consider
0 0 10 0 1yy0 1 O
PGP"=|1 0 0{/0 0 1|0 0 1
01 0/{1 1 0){1 0 O
1 1 0)yy0 1 0
=0 0 10 0 1
0 01){l1 0O
0 11
=1 0 0
1 00
=H

Therefore the graphs G and H are isomorphic.

Example 8: Are the simple graphs with the following adjacency matrices isomorphic?

0101 0111
100 1 100 1
A(61)20001 and A(62)21001
1110 1110

The degree sequence of both the matrices are 2, 2,1, 3 and 3, 2, 2, 3 and hence sum of degrees are

not equal. Therefore given graphs G, and G, are not isomorphic

Definition: A property P is called an invariant for graph isomorphism if, and only if, given any
graphs G, and G,, if G, has property P and G, is isomorphic to G,, then G, has property P.
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The following properties is an invariant for graph isomorphism, where n, m and k are all nonnegative

integers:
1. has n vertices 2.has m edges
3. has a vertex of degree k 4. has m vertices of degree k
5.has m circuits of length k 6. is connected
7. has an Euler circuit 8. has a Hamiltonian circuit.

Suppose G, and G, are two graphs which are isomorphic. Then there exists a 1-1 function f between
their vertex and edge set. Hence number of vertices and edges of both the graphs are equal.

By definition of isomorphism, the mapping f preserves incidence relationship so that both the graphs
have equal number of vertices with a given degree. This can be verified by the adjacency matrix of the
respective graphs. If A(Gl) = A(Gz)it follows that f preserves edges and hence degree sequence and

connectedness as well.
Refer example 3 for counter example for invariant property of circuit of a particular length.

Theorem: Show that isomorphism of simple graphs is an equivalence relation.

Proof: Let S be set of graphs and let R be the relation of graph isomorphism on S. Then R isan
equivalence relation on S.

1. Reflexive

Given any graph G in S, define a graph isomorphism from G to G by using the identity functions on
the set of vertices and on the set of edges of G. Hence isomorphism is reflexive.

Mapping: Define f:V(G)—V(G) by f(v)=v and g:E(G)—>E(G) by g(e)=e.

2. Symmetric

Let G, G, €S such that G, is isomorphic to G,. Then there exists a one-to-one correspondence f from
G, to G, that preserves adjacency and non adjacency. From this g is a one-to-one correspondence from
G, to G, that preserves adjacency and non adjacency. Hence isomorphism is symmetric.

Mapping for vertices: f:V(G,)—>V(G,) by f(v)=w and g:V(G,)—>V(G,) then g(w)="f"(w).

Therefore G, is isomorphic to G;.

3. Transitive

Let G, G,, G, €S such that G, is isomorphicto G, and G, is isomorphic to G,. Then there exists a one-
to-one correspondence f from G, to G, and g from G, to G, that preserves adjacency and non
adjacency. It follows that go f is a one-to-one correspondence from G, to G, that preserves adjacency

and non adjacency. Hence isomorphism is transitive.
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Mapping for vertices: f:V(G)—->V(G,), 9:V(G,)>V(G,) by f@u)=v, g(v)=w then
(go f):V(G,) >V (G;) defined by(go f)(u)=g[ f(u)]=w. Therefore G, is isomorphicto G,.

Definition: Let G be a simple graph and G is said to be complement of G, if vertices set of G is same
as G and two vertices of G is adjacent if they are not adjacentin G.

Note:

e Union of a graph and its complement is a complete graph i.e. G UG = K,

e If G and G are isomorphic, then G is said to be self complement.

a b

G
a
e b
d C
G
a ® a
c b c @ eb
G G

Theorem: Prove that the complement of a disconnected graph is connected.

Proof: Let G be a disconnected graph and let G be its complement. Consider two vertices x, y in the
complement. If x&Yy are not adjacent in G, then they will be adjacent in G and there exists a trivial

x—y path. If x&y are adjacent in G, then they must be in the same component. Let z be some vertex
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in another component of G. This means that the edges Xz and yz were notin G. This implies that they
both must be edges in G . This gives us the path x—z—y. Therefore there exists a path between any two

vertices and hence it is connected.

Example: If G is a simple graph with 15 edges and G has 13 edges, how many vertices does G have?
We know that G and G have same number of vertices, say n.
Union of G and G have 15 + 13 = 28 edges.

But Union of G and G is a complete graph with edges

nn-1) _og

n(n-1)
2

Therefore
n(n—-1) =56
8x 7=56

..n=8

Do you know?: If the degree sequence of the simple graph G is 4, 3, 3, 2, 2, what is the degree sequence
of G ?

Theorem: If G is self-complementary graph with n vertices, then G has n=0 (or) 1(mod 4) vertices.

Proof: We know that union of a graph and its complementary graph gives a complete graph which has
n(n-1)
2

edges. Therefore n or (n—1) must be even.

Also we know that a graph and its self complementary graph has equal number of vertices and edges.

n(n-1)

Since G is self-complementary graph with n vertices, then G has edges.

Therefore either 4 divides n or 4 divides (n-1).

Therefore, n=0(mod4) or n=1(mod4)
Example: Prove that C; is the only cycle graph isomorphic to its complement.

Solution: We know that a cycle graph of n vertices has n edges.

Also the complete graph of n vertices has edges.

n(n-1)
2

n(n-1)

. i . . , 1
Therefore if C, is isomorphic to its complement, its complement has 2 edges.
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Hence #: n. ie. n-1=4,
Example: Show that the graph G
complementary.

. .
G

=

ie. n=5

is self-

Let us establish the isomorphism between the graphs:

a

"
=,
"
",

The complementary of the graphis G .
b

Description G G
Number of vertices 4 4
Number of edges 3 3

Vertex with degree

2 vertices with degree 1

2 vertices with degree 2

2 vertices with degree 1

2 vertices with degree 2

Circuits of length

No circuit exists

No circuit exists

Mapping

f(a)inG="f(d)inG
f(b)inG=f(c)inG

f(c)inG=1(a)inG
f(d)inG=1f(b)inG

graph G is self complementary.

Considering the above facts, we conclude that both the graphs are isomorphic. Hence the given

Example: Show that the graph G

complementary.

is self-

Let us establish the isomorphism between the graphs:

The complementary of the graphis G .

Description

G

9

124

https://doi.org/10.5281/zenodo.15287638




Number of vertices 5 5

Number of edges 5 5

Vertex with degree 5 vertices with degree 2 5 vertices with degree 2
Circuits of length One circuit of length 5 One circuit of length 5
Mapping f(y)inG=f(@)inG f(v)inG="f(e)inG

f(x)inG=f(d)inG fWwinG=Ff®)inG fu)inG=f()inG

Considering the above facts, we conclude that both the graphs are isomorphic. Hence the given
graph G is self complementary.
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Definition: If some closed walk in a graph contains all the edges of the graph, then the walk is called an
Euler line and the graph an Euler graph.

Closed walk: {a,c,d, f,ec,b, f, a}

State the necessary and sufficient conditions for the existence of an Eulerian path in a connected
graph.

A connected graph has an Euler path but not an Euler circuit if and only if it has exactly two vertices of
odd degree
a b a and d are two vertices with odd degree.

Euler pathis a—b—d-a-c-d

Necessary and sufficient condition for Euler graph: A connected graph G is an Euler graph if and
only if all vertices of G is of even degree.

Proof: Assume that G = {V, E} be an Euler Graph. We have to prove all vertices in V are of even degree.

Since the graph is Euler, it has Euler circuit C with initial vertex u. Let v be an arbitrary internal vertex
of the circuit C.

Each time a vertex V occurs as an internal vertex of C, then two of the edges incident with Vv, contributes
2 degrees.

Therefore deg (V) = 2x(number of times Vv occur inside the Euler circuit C)

= even degree.

Since uis the initial vertex, deg (u) = 2+2x (number of times U occur inside the Euler circuit C)

= even degree
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~ G has all vertices of even degree.

Conversely, assume thatin G = {V, E}, all vertices of V are of even degree. We have to prove G is

Euler.

Let us trace a walk start from a vertex U and goes through all the edges without repeating any edge.
Since every vertex is of even degree we can exit any vertex entered. The tracing is continued as far as
possible and do not stop except the starting vertex u. If this tracing g, includes all edges of G, the graph
is Euler. Otherwise, remove the edges of the closed walk just traced g, from G and obtain a sub graph

say G;.

Since the degrees of all vertices of G and g, are even, the degree of all vertices of G, is also even. Also G,
must touch g, at least at one vertex a, because the graph is connected. Starting from a we can construct
a closed walk g, in G, starting and ending at a. But this closed walk g, can be combined with g, to

form a now closed walk starting and ending with u. Obviously this combined closed walk has more
edges than g,.

This process can be repeated until we obtain a closed walk that traverses all the edges of G. Thus G is an
Euler graph.

Try this: Find an Euler path or Euler circuit, if it exists in each of the following three graphs. If it does
not exist, explain why?

a
e
- N X
d C

., ., €

G2 G3

Definition : A path in a graph G is said to be Hamilton, if it passes through every vertices of G exactly
once.

Definition : A circuitin a graph G is said to be Hamilton, if it passes through every vertices of G exactly
once. A graph is said to be Hamiltonian if it contains a Hamilton circuit.
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a b
Hamilton Circuit: a—-b-c-d-e-f-g-a.

Note:
e A Hamiltonian circuit in a graph of N vertices consists of exactly N edges
e The length of a Hamiltonian path (if it exists) in a connected graph of N verticesis n—1

(n-1)
2

I
e In K, thereare - Hamilton cycles (not edge disjoint).

In a complete graph of N vertices K, , every vertex is adjacent to every other vertex.

Hence from any given vertex, there are Hamilton (n=1)! cycles. Of these each pair of vertices

which are adjacent both in the clock wise and anticlockwise direction, i.e. as v,v, and v,v,. Hence

(n-1)!
2

there are - Hamilton cycles.

Example: Show that K, has a Hamilton cycle for n>3. What is the maximum number of edge disjoint

cycles possible in K, ? Obtain all the edge disjoint cyclesin K,.

Proof: We know that K, contains C, forall n>3. Therefore K, has a Hamilton cycle for n>3.

Alternatively, in K there are edges between any two vertices. Therefore a circuit can be formed by

visiting vertices in any order we choose, as long as the path begins and ends at the same vertex and
traverse each vertex exactly once. This is a Hamilton circuit.

We know that each Hamilton cycle in K consists of N edges.

(n-1)

But complete graph K, has nT edges. Therefore K can have at most nT_l number of edge

disjoint Hamilton Cycles.

K, and its edge disjoint Hamilton cycles.
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V7 V7 v7

Ve V6

v1 vi ve v
V5 V2 V5 V2 V5 V2
V4 U va V3 v V3
K, Edge Disjoint Hamilton Cycles of K,

ORE’S THEOREM:: If G is a simple graph with N vertices with n> 3 such that du)+d(v)>n for every
pair of nonadjacent vertices U and V in G. Then G is Hamiltonian if and only if G +uv is Hamiltonian.

Proof: If G is Hamiltonian then obviously G +uv is Hamiltonian.

Conversely suppose G +uv is Hamiltonian but G is not.

Let us prove this theorem by contradiction.
Suppose that d (U) +d (V) 2N for all non adjacent vertices U, V in G for a non Hamilton circuit. Let G be

such a maximal graph i.e. by adding an edge between U and V will result in a Hamilton circuit. Let the

Hamilton path be U= X, X,, X3, ..ccu.... X, =V as shown here.
|".
. . . .............. . . . .............. . . .
u=xi X2 X3 Xi-1 Xi Xi+1 Xn-1 }f;n=V

Define two sets S={ x, : It is adjacent tou } and T ={ X, : It is adjacent to v }
Therefore |S|=deg(u) and |T|=deg(v). We claim that SNT =¢ and [SUT|<n-1.
Thus if X, € ST, then the edges (u, x;) and (X, v) should be in G and the path

U =X, Xy, Xigy X Xisgr oo X1 Xy gy -0 X, Will form a Hamiltonian circuit, which is a contradiction.

Also, since the vertex U= X, is neither adjacent to U nor adjacent to V, therefore X, ¢S UT and hence
|SUT|<n-1.

Therefore d(u)+d(v) =|S|+[T|=|S UT|<n-1, which is again a contradiction. Hence G is Hamiltonian.
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Dirac’s Theorem: If G is connected simple graph with N vertices n > 3, such that the degree of every

. . n .
vertex in G isatleast > then prove that G has Hamilton cycle.

Proof: Given that G is connected simple graph with N vertices, such that the degree of every vertex is

n
atleast —.
2

Let U, V in G then d(u) Zg and d(v) > g and hence d(u)-+d(v)> 2+g =n. This is true for all pair of

non adjacent vertices U and V. Therefore by Ore’s theorem, G has Hamiltonian circuit.

Example: Consider a complete graph K. Here n=5 and degree of

each vertex is 4. Also deg(G)=4> g

Therefore by Dirac’s theorem, K, has Hamilton Circuit which is

a—-b—-c—d—-e—a.

Direc’s theorem is not necessary condition to have a Hamilton circuit.

a
e m b
d C
X

Consider the graph K. Here n=5 and degree of each vertex is 3

n y v

2
But the graph is Hamiltonian even the Dirac’s theorem fails. Because it

Z
u

Example:

except the deg( X)=2 and hence deg(G) is not > .

satisfies the conditions of Ore’s theorem.

For the vertices X,V d(X)+d(v)=2+3=5>n=5
For the vertices U, Yy d(u)+d(y)=3+3=62>n=5
For the vertices X, Z d(X)+d(z)=2+3=52>n=5

Hamilton Circuit: x—y-v—z—-u-—x.

Theorem: Complete bipartite graph K, , with Mm,n2 2 is Hamiltonian if and only if m=n.

Proof: Let K is a complete bipartite graph

which is Hamiltonian.

Then the vertex set can be decomposed into two

disjoint sets X and Y such that each edge in K,

joins a vertexin X toavertexin Y .

Conversely suppose K  isacomplete bipartite

graph with m=n.

Let the vertices sets are
X ={X, Xor ooy X, } AN Y ={y,, Yy, ooy Yy}

Consider a cycle
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X1 Yo %00 Yoo Xgy Yoo Xy Yoo Xoy Yo X which
Since Hamilton circuit is a closed walk that
traverses all the vertices exactly once and hence it
traverses every vertices of the two sets exactly
is Hamilton and the graph is said to be Hamiltonian
once alternatively. This is possible only the sets X

and Y have the same number of vertices

i.e. m=n=>2.

The following table gives examples for some Euler and Hamilton related graphs:

Types Example

Euler Graph %

Hamilton Graph

Euler but not Hamilton

Types Example

)
Hamilton but not Euler (‘

https://doi.org/10.5281/zenodo.15287638
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Neither Euler nor Hamilton

Both Euler and Hamilton

Contains Euler line but not Euler
Circuit

Contains Hamilton Path but not
Hamilton Circuit
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N o s

®

EXERCISE

What is the largest possible number of vertices in a graph with 35 edges and all vertices of degree at least

three.
01010
10011
Draw a graph with the adjacency matrix A=|{0 0 0 1 1
11101
01110

When do we say two simple graphs are isomorphic? Check whether the following two graphs are

isomorphic or not. Justify your answer.

Vs

us

Write the adjacency matrix and incidence matrix of K, .

How many edges are there in a graph with 10 vertices each of degree 3?

Give an example of self complementary graph.

Draw a graph with 5 vertices A, B, C, D and E such that deg(A)=3, B is an odd vertex, deg(C)=2 and
D and E are adjacent.

Show that there does not exist a graph with 5 vertices with degrees 1, 3, 4, 2, 3 respectively.

Define isomorphism between two graphs. Are the simple graphs with the adjacency matrices isomorphic?

01 00 0 1][0 1 0 0 0 1]
101010101001
010101 (010110
001010/(001010
010101 (001101
10101011001 0]

https://doi.org/10.5281/zenodo.15287638
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10. Prove that a simple graph is bipartite if and only if it is possible to assign one of the two different colors to
each vertex of the graph so that no two adjacent vertices are assigned the same color.

11. How many paths of length four are there from a to d in the simple graph G given below:
a b
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UNIT IV — ALGEBRAIC STRUCTURES

An algebraic system is a pair of non empty set together with one or more operations on the set. Itis also
called an algebraic structure because the operations on the set define a structure of the elements of the set.

Definition: Let S be a nonempty set. A binary operation on S is a function * from SxS into S anditis
writtenas axb forall a, be$S

Example: Let N be the set of natural numbers then the operation addition is a binary operation on N
and is denoted by (N,+) .

But subtraction (-) is not binary operation on N. Because3-4=-1 ¢N.

Properties of Binary Operation

Let S be a nonempty set and * be the binary operation on S.

1.

Closure Property: The set S is closed under the binary operation * ifforall a, beS, a*beS

Example: The set of natural numbers N is closed under addition but not closed under subtraction.

. Associative Property: Ifforall a, b, ceS, a*(b*c)=(a*b)*c, then  is associative on S.

Example: Multiplication is associative on the set of real numbers R.

. Commutative Property: Ifforall a, beS, (a*b)=(b*a), then * is commutative on S.

Example: The operation matrix addition is commutative but matrix multiplication on the set of square
matrices in not commutative.

. Distributive Property: Ifforall a, b,ceS, a*(b+c)=(a*b)+(a*c) or (b+c)*a=(b*a)+(c*a),

then * is distributive over addition on S.

. Identity Property: Ifforall a€$S there exists e S, such that (a*e)=(e*a)=a, then e is the

Identity element of the set with respect to the binary operation.

Example: Zero is the additive identity on the set of integers and one is the multiplicative identity.

. Inverse Property: Ifforall ac$ there exists a €S, such that (a*a’l) = (a’l *a) =e, then a™ is the
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inverse element of a with respect to the binary operation.
Example: Consider the rational numbers Q. Under addition, 0 is the identity element.

Consider the set of natural numbers under the binary operation multiplication. Now

inverse element does not exist.

7. Idempotent Property: A non empty set S together with the binary operation * is said to have

idempotent property if for a€$S, (a*a)=a.

Example: Find the idempotent elements of G =

multiplication.

{1 -1, i, —i} under the binary operation

Here 1*1=1. Hence 1 is the idempotent element of G.

8. Cancellation Property: A non empty set S together with the binary operation * is said to have
cancellation property if for @, b, ce S, then (a*b)=(a*c)=> b=c(Left cancellation law) and

(b*a)=(c*a) = b=c (Right cancellation law).

Example: Addition on the set of integers satisfies cancellation property. But matrix multiplication

does not satisfy cancellation law.

11 11
Consider the matrices A= , B= ,
0 0 01

Here AB=AC =D, but B=C.

=3 Tpes o

Definition: A non empty set S together with the binary operation * is said to be semi-group, if it
satisfies (1) Closure Property (2) Associative Property.

A semigroup (M,*) with an identity element is called a monoid.

A semigroup/monoid with commutative property is called commutative semigroup/monoid.

Example: Consider the set of natural numbers N .

(N,+) isa semi group But
(N,x) is a monoid But
(P(S), M) is a commutative semi group But
(

P(S), u) is a commutative semi group But

Definition : Let (S,*) be a semi group. LetV be
asubsetof S.If (V,*) satisfies properties of

semigroup, it is called sub semigroup.

Example: Let (Z,+) be a semigroup. LetV = Z

Then
N,—) is nota semi group

N,+) is nota monoid
P(S), M) is not a monoid

P(S), U) isamonoid

Definition : Let (S,*) be amonoid. LetV bea

sub setof S.If (V,*) satisfies properties of

monoid, it is called submonoid.

Example: Let (N,x) be a monoid. Let V < N
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Where V is the set of even positive integers. Then | Where V is the set of odd numbers. Then (V,x) is

(V , +) is a semigroup and hence sub semigroup. a monoid and hence submonoid.
Example: If S denotes the set of positive integers <100, for x,y €S, define x*y =min{x, y}. Verify

whether (S,*) is a Monoid assuming that * associative.

Solution: It is enough to show that (S,*) have identity element.
Here 100 is the identity element since x*100 = min{x,100} = x since X <100 for all X S. Therefore it is
a monoid..

Example: Show that the set N of natural numbers is a semigroup under the operation x*y = Max(x,y) .
[s it a monoid?

Solution: Let X, y, ze N.

x*(y*z)=x*Max(y, z) (x*y)*z=Max(x,y)*z
= Max(x, Max(y, z)) = Max(Max(x, y), z)
= Max(x, v, z) = Max(Xx, Y, z)

Therefore * is associative and hence (N,*) is a semigroup.
Let 1le N and xeN.
Then x*1=Max(x, 1) = Max(d, x) =1*x =X.

Therefore 1€ N is the identity and hence (N,*) is a monoid.
Example: Prove that Z; = {[0], [11, [2], [3], [4]} is an commutative monoid under multiplication modulo 5.

Solution: Consider the following multiplication modulo 5 table:

Xg [0] [1] [2] (3] [4]
[0] [0] [0] [0] [0] [0]
[1] [0] [1] [2] [3] [4]
[2] [0] [2] [4] [1] 3]
3] [0] (3] [1] [4] [2]
[4] [0] [4] [3] [2] [1]

The table shows z, is closed under multiplication modulo 5. Also associative law is satisfied under x,.
From the table, [1] is the identity element.

Also [a]x; [b] =[b]x;[a] V [a], [b] € Z,. Hence (zs,xs) is a commutative monoid.
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Example: If * is the operation defined on S =Q xQ, the set of ordered pairs of rational numbers and
given by (a,b)*(x,y) =(ax, ay +b), show that (S,*) is a semi group. Is it commutative? Also find the
identity element of S.

Solution: Let (a,b), (x,y), (c,d) €S
[(@,b)*(x, y)]*(c,d) = (ax, ay +b)*(c,d) (a,b)*[(x,y)*(c,d)]=(a,b)*(xc, xd +Y)
= (acx, adx+ay +hb) = (acx, adx+ay +b)
Therefore * is associative on S and hence (S,*) is a semigroup.
Also (a,b)*(x,y) =(ax, ay +b) # (x,y)*(a,b). Therefore * is not commutative.
Let (e,,e, ) be the identity element on (S,*). Then for (a,b) €S,
(e.€;)*(ab)=(ab)
(ea, eb+e,)=(a,b)
sega=a=¢e=1
s.eb+e,=b
b+e,=b
e,=0

Therefore the identity element is (e;,e,)=(1,0)

Example: If * is the binary operation defined on R, set of real numbers defined by a*b=a+b+2ab.
[s (R,*) a semi group?. Find the identity element if it exists. Which elements have inverses and

what are they?

Solution: Let a,b,ceS

(a*b)*c=(a+b+2ab)*c a*(b*c)=a*(b+c+2bc)
=(a+b+2ab+c+ 2ac+2bc+4abc)

(a+b+c+2bc+2ab+2ac +4abc)

=(a+b+c+2(ab+bc+ca)+4abc) (a+b+c+2 ab+bc+ca)+4abc)

Therefore * is associative on R and hence (R,*) is a semigroup.

Also a*b=a+b+2ab and b*a=b+a+2ba=a+b+2ab=a*b. Therefore * is commutative on R
Let ebe the identity element on R. Then for ae R,
a*e=a
at+e+2ae=a
e(1+2a)=0
e=0, v1+2a=0
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Let a* be the inverse of an element acR. Then a*a’ =e.
a+a’t+2aat=0

a'(l+2a)=-a
a1
(1+2a)’ 2

Example: Prove that for any commutative monoid (M, *), the set of idempotent elements of M form a
submonoid.

Let (M, *) be the commutative monoid.

Therefore the elements of M satisfies the closure, associative property under the binary operation * and
has identity element e M .

Consider a set N ={e} and hence NcM.
Here the elements of N satisfies closure and associative property. Also it has identity element under the

binary operation *. Therefore N is monoid and hence submonoid.
Example: Let (S,*) be a semi group such that for x,y €S, x*x=y, where S= {X, y} . Then prove that
(1) x*y=y*x (2) y*y=y

Proof: Let (S,*) be a semi group such that for x,y €S, x*x=y, where S= {x, y} .

(i) LHS=x*y (ii) Since the binary operation *is associative
_ x*(x*x) X*y=x or y,because only two elementsin x, y € S.
:(x*x)*x Let Xx*y =X
Consider y*y=(x*x)*y, by definition
=y =X*(x*y), associative law
= RHS =X*X, by assumption
=Y, by definition

Example: Show that a semigroup with more than one idempotent cannot be a group.

Solution: Let (S,*) be a semigroup. Let a, be S be two idempotent elements.
Then a*a=a and b*b=b. Assume that (S,*) is a group.

Then each element has its inverse i.e. a*a™ =e. By associative property, we have

(a*a)*a'=a*(a*a™)
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But in a group we cannot have two identities and hence (S,*) cannot be a group.

Example: If S=NxN, the set of ordered pairs of positive integers with the operation * defined by
(a,b)*(c,d)=(ad +bc,bd) and if f:(S,*)—> (Q,+) is defined by f(a,b):%, then show that f is a

semigroup homomorphism.

Solution: Let (a,b), (c,d), (e, f) €S =NxN

[ (ab)*(c,d) ]*(e, f) = (ad +bc, bd)*(e, ) (a,b)*[ (c,d)*(e, f)] = (a,b)*(cf +de, df)
= ((ad +bc) f +hde, bdf) — (adf +b(cf +de), bdf )
= (adf +bcf +bde, bdf ) = (adf +bcf +bde, bdf )

Therefore * is associative on S and hence it is a semigroup.

f ((a,b)*(c,d))= f(ad +bc, bd)
_ad+Dbc
~ bd
a C
= — 4+ —
b d
= f(a,b)+ f (c,d)

Therefore f is a semigroup homomorphism.

Theorem: Let (M,*) be amonoid. Prove that there exists a subset T < M M such that (M,*) is isomorphic

to the monoid (T,o); here M" denotes the set of all mappings from M to M and o denotes the

composition of mappings.

Proof: Given that (M,*) be a monoid.
For each ae M, we define a function f,:M — M such that f,(x)=a*X, V xe M.
Therefore f,eTcM",
Define a mapping g:M — T such that g(a)=f,, VaeM.
Let a,b e M. Then a*be M. Therefore g(a*b)= f,, .
But for xeM, f_, (x)=(a*b)*x

=a*(b*x)

~ 1,(0%%)

= f,(f,(x)
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=( f o fb)(X)
Therefore f,, =(f,of,) andhence g(a*b)=f,, =f,of, =g(a)-g(b)
Therefore g is a homomorphism of (M,*) into (T,o).

Suppose a,b € M such that a=b. Then there exists a mapping f,, f, such that

f.=f,

a

g(a)=g(b)

Therefore g is one-to-one and also by definition it is onto. Hence g is isomorphic.
GROUPS

Definition : Let G be a nonempty set with a binary operation *. Then (G,*) is called a group if the

axioms (i) associative law (ii) existence of identity (iii) existence of inverse hold.

A group G is said to be abelian if it satisfies commutative property.

Definition: The number of elements in a group G, denoted by |G| or O(G), is called the order of G.

The order of an infinite group is infinity.

Example: Let p be a prime number. Then Z, —{0} is a finite group with respect to multiplication

modulo p. Itsorderis p-1.

Definition: Suppose a is an element of a group G. Then the least positive integer n such that a" =e,
the identity, is called the order of the element a. If no such positive integer exists, then a is said to be of

infinite order.

Example : Let Q*= {Q —{O}} be the set of all nonzero rational number. Then it is a group with respect to

multiplication.

The group Q* is of infinite order. Also O(1) =1, O(-1) = 2. All other elements are of infinite order.

Problems on Groups

Example : Show that (Z,+) is a group. Example : Show that (Q\{O},x) is a group.
(i) Let a, beZ,the set of integers. (i) Let a,be Q\{O} , the set of non zero rationals.
Now a+bez Now axb e Q\{0}
ie. 0}is cl Itiplicati
i.e. Z isclosed under addition Le. Q\{0}s closed under multiplication
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(ii) Let a, b, ceQ\{0},

(ii) Let a,b,ceZ, Now (axb)xc=ax(bxc)
Now (a+b)+c=a+(b+c) i.e. Q\{0}is associative under multiplication
i.e. Z is associative under addition :
(iii) Let a€Q\{0}, then there exists 1 Q \{0}
. such that
(iii) Let aeZ, then there exists 0 € Z such that axl—lxa=a
a+0=0+a=a i.e. Q\{0} has the identity element

i.e. Z has the identity element
(iv) Let aeZ, then there exists —a € Z such that (iv) Let aeQ\{0}, then there exists i e Q\{0}

a+(-a)=(-a)+a=0 such that

i.e. all elements of Z has inverse element 1 1
ax—==—xa=1

a a
Therefore (Z,+) is a group. i.e. all elements of Q\{0} has inverse element
Also, Let a, be Z,then Therefore (Q \ {0},><) is a group.

a+b=b+a
Also, Let a, b € Q\{0}, then
i.e. Addition is commutative in Z and hence axb=Dbxa

(Z,+) is an abelian group.
i.e. Multiplication is commutative in Q \{0}and
hence (Q\{O},x) is an abelian group.

Example : Prove that G={L, -1, i, —i} isa group | The table shows G is closed under multiplication.

under multiplication.
Also G is associative under multiplication.

Consider the following multiplication table:
From the first column/row, we conclude that 1 is

V 1 -1 i —i the identity element of G.
1 1 -1 i —i
-1 -1 1 _j i Inverse of 1 is 1. Inverse of -1 is -1
i i _j 1 1 Inverse of iis —I  Inverse of —iis i
= =i I 1 -1

Symmetric Group S,
A one-to-one mapping o of the set {1, 2,..., n} onto itself is called a permutation. Such a permutation may

be denoted as follows where J, =o(i).
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The set of all such permutations (n! numbers) is denoted by S, forms a group under the binary operation
composition. Itis called symmetric group of degree n.

Example : Prove that the set of permutations on the set {l, 2,3} is a group under composition of

functions.

1 2 3 1 2 3 1 2 3 1 2 3
Let the elements of S, are o, = , O, = , O3= , O, = )
1 2 3 3 21 2 31 1 3 2

12 3 12 3
o5 = , O = :
2 13 31 2

Consider the composition table of S,

o 0, 0, O3 Oy O5 o
o, o, o, o, o, O o
o, o, o, O O o, o,
o, o, o, O o, o, o,
o, o, o, o, o, O O
o o O, o, o, o, o,
O O O o, o, o, o,

The table shows S, is closed under composition.
Also S, is associative under composition.

From the first column/row, we conclude that o, is the identity element of S, .

Inverse of o, is o;. Inverse of o, is o, Inverse of o, is o,
Inverse of o, is o, Inverse of o, is oy Inverse of o is o,
Dihedral Groups

By considering the symmetries of regular polygons, we obtain certain permutation groups known as
dihedral groups.
1
Consider an equilateral triangle with vertices 1, 2, 3. Consider all
possible rotations and reflections which keeps the position of the
triangle unchanged except the renaming the vertices. The effect of
the rotation/reflection can be expressed as the permutation. o
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1 2 3
Let P, be the rotation of the triangle about the origin O through 0° or 360°. Then P, = (1 5 3]

1 2 3
Let P, be the rotation of the triangle about the origin O through 120°. Then P, = (2 3 J

1 2 3
Let P, be the rotation of the triangle about the origin O through 240°. Then P, = (3 1 2)

12 3
Let P, be the reflection of the triangle about the line 1A. Then P, = (1 3 2}

2 3
2 1
2

3
1 3

The set of permutations S, ={P, P,,P,,P,, R, P} together with composition o forms a group. This is

1
Let P, be the reflection of the triangle about the line 2B. Then P, :(

1
Let P, be the reflection of the triangle about the line 3C. Then P, :(

denoted by (D;,°)

To find the dihedral group (D4,o) by considering the symmetries of a square

Let P, be the rotation of the

square about the origin O
through 90°.

1 2 3 4
Then P, =

2 3 41

Let P, be the rotation of the

square about the origin O
through 270°.

Let P, be the rotation of the

square about the origin O
through 180°.

1 2 3 4
Then P, =

3 41 2

Let P, be the rotation of the

square about the origin O
through 0° or 360°.

L3

~L7 L2

Let P, be the reflection of the
square about the line L1.

Then P (l 2 3 4
1234 123 4 ez 21
Then P, = Then P, =
en3[4123j en“[1234j
. . 1 2 3 4
Let P, be the reflection of the square about the line L2. Then P, = 5 1 4 3
12 3 4
Let P, be the reflection of the square about the line L3. Then P, = 143 92
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Let P, be the reflection of the square about the line L4. Then P, :(

The composition table for (D,,o).

1 2 3 4
3 21 4

|

. | Rl [ A [PR[R[RI[RmT]H
R [ R [ R [ R | R | R [PR [R |~
2 L I O S I
2 R I - O - A I
2 Y I O W S A I
2 L I Y S - A I 0
R | R | R [ R [ R | m | [R” |~
P | A | R [ R | R | A | B [Pm|®R
2 L I O I -0 I R

Example: Prove that G = {[1], [2], [3], [4]} is an abelian group under multiplication modulo 5.

Consider the following multiplication modulo 5 table:

Xg [1] [2] (3] [4]
[1] [1] [2] 3] [4]
[2] [2] [4] [1] [3]
[3] [3] [1] [4] [2]
[4] [4] [3] [2] [1]

The table shows G is closed under multiplication modulo 5.

Also G is associative under multiplication modulo 5.

From the first column/row, we conclude that [1] is the identity element of G.

Inverse of [1] is [1]

Inverse of [3] is [2]

Inverse of [2] is [3]

Inverse of [4] is [4]

Also ax;b=bx;aV a, beG. Therefore G is abelian.

Example: Let Q be the set of all rational numbers other than 1 with the binary operation * defined by

a*b=a+b—-ab. Prove that G = {Q\l, *} is a group.

(i) Let Gz{Q\l, *}. Let a,beG. Then a=1 b=1. Toprove a*b=1.

Suppose a*b=1. Then a+b—ab=1
a+b—-ab-1=0
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(a-1)-b(a-1)=0
(a-1)(1-b)=0
s.a=1or b=1 acontradiction.
Therefore a*b=1
Since a, b are rational, a+b—ab is also rational. Therefore a, beG then a*beG.
Therefore * is a binary operation on G.
(ii) To prove * is associative.
a*(b*c)=a*(b+c—bc)
=a+b+c-bc-a(b+c—bc)
=a+b+c—-bc—ab—-ac+abc

(a*b)*c=(a+b—ab)*c
=a+b-ab+c-(a+b-ab)c
=a+b+c—-bc—ab—ac+abc

(iii) If e istheidentity. Then a*e=e*a=a. | (iv) If b isthe inverse of a, then
Let a*e=a a*b=b*a=e.
Then a+e—-ae=a Let a*b=e
e(l-a)=0 a+b—ab=0
~ e=0eG a+b@l-a)=0
b=-2_¢G
a-1

Therefore (G,*) is a group.

Example: Let Z be the group of integers with the binary operation * defined by a*b=a+b-2, for all
a, be Z. Find the identity element of the group (Z,*).

Given Z be the group of integers. The binary operation * is defined as a*b=a+b—-2, for all
a,bez.

Let e be the identity element of G. Then, by definition of identity, a *e = a

a+e—-2=a

e =a+2-a
e =2
Example: Show that (Q+ ,*) is an abelian group, where * is defined by a*b = a_b’ Va beQ.
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Given Q" is a set of positive rational numbers. The binary operation * is defined by

a*b:a—zb, Va beQ".

(i) Let a,beQ’. Then a*b= a_2b € Q". Because product of two rational is rational and a rational

divided by 2 is also rational. Hence Q" is closed under the binary operation.

(ii) Obviously Q" is associative under the binary operation. Because

a*(b*c):a*@ (a*b)*c:a—;*c
4 4

(iii) Let e be the identity elementof G. Then a*e=a

—=a
2

e=2¢eQ"

(iv) Let a™* be the inverse element of aeG. Then, by definition of inverse, a*a™ =e

aa' _,

2

a—l:ﬂeQJr
a

Also a*b=a—b=@=b*a
2 2

Therefore (Q*,*) is an abelian group.

a a
Example: Examine whether G = {(a a] ra#0e R} is a commutative group under matrix
multiplication, where R is the set of all real numbers.
. : a a : o
Solution: Let G be the set of all 2x2 matrices of the form (a j ra#0eR and the binary operation is
a

matrix multiplication.

a a b b
Let A :( ], B= (b b] e G where a, b are non zero real numbers.
da a
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a a) (b b 2ab 2ab _ : e
Then AxB = X = €G. Hence G is closed under the matrix multiplication.
a a) \b b 2ab 2ab

Clearly matrix multiplication is associative.

e e
Let E:( jeG be the identity matrix where e #0. Then AXxE = A
e e
a a e e a a
X =
a a e e a a

2ae 2ae _(a a
2ae 2ae) la a

Therefore 2ae=a

1
e=—
11
Therefore identity matrix E = i i eG
2 2
L, [(at at _ a a .
Let A~ = € G be the inverse element of A= . Then AxA™=E
at at a a
1 1
a a) (at a* 2 9
X =
a a)(a® a’) |11
2 2
11
2aa” 2aa) |2 2
2aa” 2aa™ 11
2 2
41
Therefore 2aa =§
at-t
4a
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11
Therefore inverse element A™ = 41a 41a
4a 4a
a a) (b b) (2ab 2ab

Also AxB = % _
a a) (b b) \2ab 2ab

eG

|

2ba 2ba
2ba 2ba

szxA

Hence given G is commutative group under matrix multiplication.

10

Example: Prove that G = {[O L

e
Jo M

multiplication.

0
1

1 -1
Let A=
0

-1 0 0

1

~1 0)(-1 0) (1 0
DD= = =

o 3o 563

-1 01 0) (-1 ©
BC = =

0o 1)lo —] [o -1

-1 0)-1 O 1 0
BD = =

0 1)lo —J (o -1

1 0)-1 0) (-1 0
CD= =

0 -1){0 —J (o 1

Consider the composition table.

From the table the matrix multiplication is closure and

associative.

M
],

0
1

o

-1 0
0 1

2

1 0
0

s %)
)

|
|

-1 0

0 1]} forms an abelian group under matrix

-1 0

o

]:B. Similarly BA=B,CA=C, AC=C, DA=D, AD=D, AA=A

Also the matrix A is the identity element.

Inverse of each element is itself.

Also matrix multiplication is commutative. Hence (G,x) is an

abelian group.

1 01 O 10
=A and CC= = =
) o 3o 26 3)
A
1 0Yyy-1 0 -1 0
=D and CB= = =D
[0 -1 (O 1] (O —1)
-1 0Yy-1 0O 1 0
=C and DB= = =C
0O -1)L0 1 0 -1
-1 01 O -1 0
:B and DC: = :B
o 3o 6 2)
X A B C D
A A B C D
B B A D C
C C D A B
D D C B A
151
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Example: Let S be a nonempty set and P(S) denote the power set of S. Verify whether (P(S),m) isa
group.

Solution: Let P(S) is the power set of a non empty set S. Given binary operation is M.

Clearly intersection of any two sets of P(S) isin P(S). Therefore n is closure on P(S).

Obviously n is associative. Since AnS = A for any set A, S is the identity.

Therefore (P(S),N) is a monoid.

Consider the empty set ¢. Here we cannot find a set A in P(S) such that Ang=¢NA=S.

Hence ¢ has no inverse in P(S). Hence (P(S),m) is not a group.

Properties of Groups
Theorem: Let (G,*) be a group. Then (i) Identity element of G is unique.

(ii) Forany aeG, inverse of a is unique. (iii) If an element a € G such that a*a=a, then a=e.
Proof: (i) Let there be two identity elements e , e,of G.
If e, is the identity, then ¢, * e, =e,.
If e, is the identity, then e * e, = ¢ . Therefore e =€ *e, =e¢,. i.e. identity element is unique.
(ii) Let e be the identity element of and let ae G
Let a , a, be two inverses of a. Then a*a =e=a *a and a*a, =e=a,*a
Consider a*a, =€
a,*(a*a,) = a,*e, pre multiply by a,
(a,*a)*a, = a,*e, by associative law
e*a = a,*e, byidentity
& =8,
Therefore, the inverse element is unique.
(iii) Let a™* be the inverses of the element a. Then a*a™ =e=a"'*a.
Let aeG such that a*a=a.
a'*(a*a)=a"*a, pre multiply by a™*
(a‘l *a)*a —al*a, by associative law
e*a=e, by inverse law

a=e
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Theorem : In any graph (G,*), show that(a*b)  =b?*a™, forall a,beG.

We know that, if a,b € G such that a*b=e, then b is the inverse of a. i.e. b=a™.

Consider
(b’l*a’l)*(a*b) = b’l*(a’l*a)*b

=b*'*e*b
—b**b

=e

Consider
(a*b)*(b’l*a’l) = a*(b*b’l)*a’l

Therefore, (b‘l*a‘l) and (a*b) areinverses to each other. i.e. (a*b)_l =pt*a?

Theorem: Show that if every element in a group is
its own inverse, then the group must be abelian.

Let a,beG. Then abeG.
Giventhat a*=a, b™* =b, (ab)™ =ab.
But (ab)* =ba™

ab=ba

Therefore G is abelian.

Note: Converse of the theorem is not true.

Theorem: If G is a group such that a* =e for all
aeG, showthat G must be abelian.

Given a® =e. Premultiply by a™.
Then a*a®* =a'e
a=a" forall aeG.
Let a,beG. Then abeG.
Therefore a™* =a, b™=b, (ab)™ =ab.
But (ab) ' =b"a™
ab=ba

Therefore G is abelian.

Theorem: Show that in a group (G,*) ifforany a,beG, (a*b)2 =a’*b?, then (G,*) is abelian.

Given that (a"‘b)2 =a’*b’ forany a,beG.

RHS = a? *b? LHS =(a*b)’
=(a*a)*(b*b) =(a*b)*(a*b)
[(a*a)*b]*b [(a*b)*a]*b
[ax(ab)] b [ax(b*a)] b
=a*(a*b)*b =a*(b*a)*b

153

https://doi.org/10.5281/zenodo0.15287805



Therefore a*(a*b)*b =a*(b*a)*b
(a*b)=(b*a), by left and right cancellation law.

Therefore (G,*) is abelian.

Theorem: If (G,*) is abelian group, show that (a*b)" =a"*b" for all a,b € G where n is a positive

integer.

Proof: Since (a*b)' =a'*b', let the statement is true for n=1.
Assume that the statement is true for n=k i.e. (a*b)* =a**b*
Consider

(a*b)“* = (a*b)**(a*h)
= (a“*b¥)*(a*h)
=a“*(b**a)*b
=a“*(a*b")*b
— (a* *a)* (b* *b)

L xpkst

Therefore the statement is true for n=k +1 and hence it is true for ne N.
Hence (a*b)" =a"*b"

Theorem: If G is a finite group, show that there exists a positive integer n such that a" =e for aeG.

Let aeG. Consider a, a%, @, ...... These are elements of G. Since G is finite, these elements cannot all
be distinct. Hence there exists integers r, s with r >0, s >0 such that a"' =a°.
Therefore a'a™ =a‘a’®

a'a”®=e, where r—s>0.

Let S= {q ;a'=e,qe Z*} . Here r—seS. Hence S is a non empty set of natural numbers and therefore

by well ordering principle S has a least element say n. Hence a" =e.

Theorem: Prove that identity is the only idempotent element in a group.
Clearly, e’ =ee=e. Hence e is the idempotent element.
Suppose let x* = X.
XX=Xe
X=e

Therefore, identity is the only idempotent element in a group.
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SUBGROUPS AND CYCLIC GROUPS

SUBGROUP

A nonempty subset H of a group G is called a subgroup of G if H itself is a group under the same

binary operation of G.
Example: (Z,+) is a sub group of (Q, +) .
(2Z,+) is a sub group of (Z,+).

Example: Find all the non trivial sub groups of (z,+).

Consider the elements of the set Z; ={[0], [1], [2],[3], [4], [5]} and O(Z;) =6

Let H be the subgroup of Z, then O(H)|6. Therefore the possible values of O(H) are 1,2, 3 or 6.
O(H)=1= H ={[0]}

OH)=2= H= {[O], [X]} where [2X]=0= x=3. .. H :{[O], [3]}

O(H)=3 = H ={[0], [x], [2x]} where [3x] =0 = x=2. . H ={[0], [2], [4]}

O(H)=6 = H=1Z,

Example: Find all the non trivial sub groups of (z,,,+,,).

Consider the elements of the set Z, = {[O] [1]. [2]. [3]. [4]. [5]. [6]. [7]. [8]. [9]. [10]. [11]}
Trivial subgroups are Z,, and [0] under the binary operation +,,.

The non trivial subgroups are H, ={[O], [4], [8]}, H, ={[O], [6]}, H, ={[0], [3]. [6]. [9]},
H, = {[0]. 2] [4]. [5]. 8], [0}

Properties of subgroup

Theorem: Prove that the identity of a subgroup is same as that of the group.

Proof: Let G be the group with identity e. Let H be the subgroup of G.
Suppose €' be the identity of the subgroup H .

Let ac H. Then ag’ =a.

Also aeG. Then ae=a

Therefore ae=ag’

https://doi.org/10.5281/zenodo0.15287805

155



€=¢€

Theorem: (Necessary and Sufficient Condition) Show that a non empty subset H of a group (G,*) isa

subgroup of G ifand only if a*b™ e H forall a,beH.

Proof: Suppose (H,*) is a subgroup of (G,*). ie. (H,*) is a group.

Therefore for any a, b € H , theirinverses a™, b™* arein H.

Consider a, b* € H. Then by closure property, a*b™" e H

Conversely, suppose that H is a subset of (G,*) and a*b*eH forall a,beH.
Associate law is inherited by H from G.

So, for two elements a, ac H then a*a'=ecH.

Also, for two elements e, ac H then e*a'=a'eH.

Hence (H,*) is a group.

Theorem: The intersection of any two subgroups of a group G is again a subgroup of G.

Proof: Let H, K be two subgroups of G and e is the identity.

By definition, ee H and e K, then ee H K. Hence H K is non empty.

Let a,beHNK. Then a,beH and a,beK.

Since H, K are subgroups, a*b™ eH and a*b™ eK. Therefore a*b™ e H nK

Hence H NK is a subgroup of G.

Theorem: The union of two subgroups of a group G is a subgroup if and only if one is contained in the
other group.

Proof: Let H, K be two subgroups of G and let H UK is also a subgroup of G.
To prove of H c K or K < H. Suppose assume that H# K and K H

Now H & K implies there is an element a€ H such that ag K.
Also H & K implies there is an element be K suchthat bg H .
Clearly a,b e H UK and hence ab e H UK

iie. abeH or abeK

Suppose ab e H . Suppose ab e K.

Then ac H implies a*eH. Then be K implies b™ e K.
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a‘l(ab) =hb e H which is a contradiction. (ab)b‘l =a e K which is a contradiction.

Thus our assumption is wrong. Therefore H c K or K< H.
Conversely, suppose that H c K or K< H.
Now H c K implies HUK =K and Kc H implies HUK=H .

But H, K are sub groups. Hence H UK is also a subgroup of G.

Example: Consider the group (Z,+). Then 2Z ={.....,—4,-2,0,2,4,....} and 3Z ={....,-6,-3,0,3 6,.....}
are the subgroups of (Z,+).
Let H=2Z213Z ={....,—6, -4 -3, -2,0,2, 3, 4, }

Here H is notclosed. Hence H is nota subgroup.

Definition: Let (H,*) be the subgroup of (G,*) and a be any arbitrary element of G. Then the set
a*H={a*h:heH} is called the left coset of H determined by a in G. Similarly, the set
H*a= {h*a ‘he H} is called the right coset of H determined by a in G.

Note: a*H is denoted as aH and H *a is denoted as Ha.

(Number of cosets)(Number of elements of H ) = Number of elements of G .

Example: Consider the group G ={1,—1,i,—i} under multiplication.
Let H ={1,-1} be the subset of G and clearly H is a subgroup of G.

Let 1eG and hence 1xH ={1x1, 1x(-1)}={1, -1} is a left coset

Let -1€G and hence —1xH ={(-1)x1, (1) x(-D)}={-1, 1} is a left coset
Let i e G and hence ixH ={ix1, i><(—1)}={i, —i} is aleft coset

Let —i €G and hence —ixH ={(-i)x1, (-i)x(-1)}={—i, i} is aleft coset

Note that the left cosets are either identical or disjoint and the union of left cosets is G.

Example : Let (Z,+) be the additive group of integers. Let H ={.....,—9, -6, -3,0,3,6,9, .....}.
Clearly H is asubgroup of G.

Let 0eZ and hence H+0={.....,—9,-6,-3,0,3,6,9, ...... }=H isaright coset

Letle Z and hence H +1={.....,-8, -5,-2,1, 4, 7,10, ...... } is aright coset

Let 2eZ and hence H+2={.....,-7, -4, -1, 2,5, 8,11, ...... } is aright coset
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Let 3eZ and hence H +3={.....,-6,-3,0, 3,6, 9,12, ...... } is a right coset
Let 4eZ and hence H+4={.....,-5,-2,1,4,7,10, 13, ...... } is a right coset
Let 5¢Z and hence H +5={.....,—4, -1, 2,5, 8,11, 14, ...... } is a right coset
Let 6€Z and hence H+6={.....,-3,0, 3, 6, 9,12, 15, ...... } is a right coset

We observe that Similarly

H+0=H+3=H+6=........... H-1=H+2=H+5=.........
H+l=H+4=H+7=......... H-2=H+1l=H+4=.......
H+2=H+5=H+8=.......... H-3=H+0=H+3=..........

Therefore the only three right cosetsof H in Z are H, H+1, H +2
Example: Find the left cosets of {[0], [3]} in the group (Z, +).
Clearly H ={[0], [3]} is a subgroup of (Z, +;) where Z; ={[0], [1], [2], [3], [4], [5]}

Let [0] € Z; and hence [0]+¢ H ={[0], [3]}=H is a left coset

Let [1]€ Z, and hence [1]+, H ={[1], [4]} is a left coset

Let [2] € Z; and hence [2]+; H ={[2], [5]} is a left coset

Let [3] € Z, and hence [3]+, H ={[3], [0]} is a left coset

Let [4] € Z; and hence [4]+; H ={[4], [1]} is a left coset

Let [5] € Z; and hence [5]+, H ={[5], [2]} is a left coset

Therefore {[0], [31}, {[1], [4]}, {[2], [5]} are the three left cosets of H in Z,.

Lagrange’s Theorem: If G is finite group and H is a subgroup of G, then prove that the order of H
divides the order of G.

Proof: The number of elements in a group is the order of elements of the group. Let n, m be the orders
of G, H respectively.
Case (i): Suppose m=1. Then H ={e}. Here 1 dividesn. i.e. O(H) divides O(G).
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Case (ii): Suppose m=n. Then H =G. Here mdivides n. ie. O(H) divides O(G).

Case (ii): Suppose m<n. Then H is a proper subgroup of G.

Let H={h,h,,,,,,,, h,} contains mdistinct elementsie. O(H)=m.

Let aeG, and aH :{a*hl, a*h,, ..., a*hm} is the left cosetof H in G.

We know that any two left cosets are either identical or disjoint. Since G finite, let there be k left

cosets of H in G. The distinct left cosets are aH, a,H, ....., a H .

Also the union of elements of these left cosets is equal to G .
ie. G=aHuwa,HUuaHU ....Lu aH

ie. O(G)=0(aH)+0O(a,H)+O(a,H)+....+O(aH)

Le. n=m+m+m+ ..... +m (k times)

Le. n=mk

. n

L.e. — =Kk
m

ie. O(H) divides O(G).

Do you know: In general, converse of Lagrange’s theorem is not true.
The converse of the Lagrange’s theorem is true in case of finite cyclic group.
Any group of prime order has no proper subgroups.
Any group of order 8 cannot have subgroup of order 3, 5, 6 or 7

Example: Let G be a group with subgroups H and K. If |G| =660, |K| =66and K c H <G, whatare
the possible values of [H|?.
O(G) O(G) O(H)
O(H) O(K)" O(K)
e, 660 ,660’O(H).
O(H) 66 66

Solution: From the given data, we observe that

Therefore O(H) must be multiple of 66 and less than 660.

Therefore the possible values of |H| are 66, 132, 198, 264, 330, 396, 462, 528, 594.

Theorem: The order of any element of a finite group G divides the order of G.
Proof: Let G be a group of order n. Let aeG be an element of order m.

Then the order of 'a’ is same as the order of cyclic subgroup H = <a> .
By Lagrange’s theorem, O(H) divides O(G). i.e. m divides n.
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Theorem: Let G be a group and let a G be of order n. Then for any integer m, a" =e then n divides
m.

Proof: Given a" =e. Since O(a) =n, n is the least positive integer such that a" =e.

Divide n by m. By division algorithm, m=qn+r,0<r <n.

r r

q
Now e=a™ =a™" =a’a’ :(a”) a" =e%’ =a'.

If 0<r<n,then a" =e, a contradiction that n is least such that a" =e€.

Hence r=0. Therefore m=qn i.e. n divides m.

Theorem: If G is a group of order n and H is a subgroup of G of order m, then prove the following
results:

(i) aeG isany element, then the left coset aH of H in G consists of as many elements asin H .
(i) Any two left cosets of H in G is either equal or disjoint.

(iii) The index of H in G is an integer.

Proof: (i) Let G isagroup of order n and H is a subgroup of G of order m.

Let H={h,h,,,,,,,, h,} contains mdistinct elements........ (1)

Let aeG, and aH :{a*hl, a*h,, ..., a*hm} is the left cosetof H in G.

Now we have to prove the left coset aH contains m elements. i.e. all elements of aH are distinct.

On the contrary, suppose a*h;=a*h;.
Then by left cancellation law, h; =h;. This is contradicts to (1).

Therefore we conclude that H and aH have same number of elements say, m.

(ii) To prove any two left cosets of H in G is either equal or disjoint.
Let aH and bH be two left cosets of H in G. Then aH and bH are either disjoint or equal.
If aH and bH are disjoint, there is nothing to prove.
If aH and bH are not disjoint, then there is at least one element say 'c' which belongs to both
aH and bH .
ie.ceaH and cebH
-.c=ah and c=bh, forsome h,heH
- ah=bh,
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ie. ahh'=bhh?
ie. ae=b.(h.h")
ie. a=bh, where h,=h,h*eH
a.H = bh,.H
aH=b(h.H)

aH=DbH, since h,e H, then hH =H

Therefore aH and bH are either disjoint or equal.

(iii) The number of distinct right(left) cosets of a subgroup H of a group G is called the Index of
the subgroup H in G.

Index of H in G = Number of distinct left(right cosets)
=k

n
= —, By Lagrange’s theorem
m

_ 0(G)
~ O(H)

= an integer
Remark: (Index of H in G) x O(H) = O(G)
CYCLIC GROUP

A group (G,*) is said to be cyclic group generated by an element a € G if every element of G is an
integral power of a. ie. G= {a” ‘ne Z} :

Note: The cyclic group G generated by the element a is denoted by G = (a) .
A cyclic group may have more than one generator.

Theorem: If a is a generator of a cyclic group, then a™ is also a generator.

Proof: Suppose G is a cyclic group generated by a. Then xeG implies x=a":neZ.

Also x=a"= (a‘l)_n . Therefore each element x € G is of the form (a‘l)m for some integer m.

Therefore a™ is also a generator of G ..
Example: Consider the group G ={1,—1,i,—i} under multiplication.

Here i'=1, i*=-1, i*=-i, i*=1. Therefore i is the generator and hence G = <I> .
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i.e. G is cyclic group with generator i.

Note: Here —i is also another generator.

Example: The additive group of integers (Z,+) is a cyclic group generated by 1.
Example: [s it true that (Zg,%;) a cyclic group? Justify your answer.
Let Z, ={[0], [1], [2]. [3]. [4]} andlet a=[4]eZ,
a' =[4]x,1=[4] a’ =[4]x; 2=[8]=[3] a’ =[4]x;3=[12]=[2]
a' =[4]x; 4=[16]=[1] a’ =[4]x;5=[20]=[0]
Therefore a=([4]) is the generator of Z, and hence (Z;,%,) is a cyclic group.

Properties of cyclic group

Theorem: Prove that any cyclic group is abelian

Proof: Suppose G isa cyclic group generated by a. Then G = {a“ ‘ne Z}.

Let x, y be any two elements in G . Then there exists integers m, n such that x=a™, y=a".
Now xy=a™a" =a™" =a"a" = y.x
Therefore G is abelian.

Do you know? The converse is not true.

Theorem: Prove that a subgroup of a cyclic group is cyclic.

Proof: Suppose G is a cyclic group generated by a. Then G = {a“ ‘ne Z} .

Let H be a sub group of G. Certainly the elements of H are integrals powers of a. Of these powers,
let m be the least positive integer.

Let b be any elementin H. Then b is an integral power of a,say a". Divide n by m. Let q be the
quotient and r be the remainder. Then n=gm+r, 0<r<m..

Now a" is an element of H . Therefore (am )q and its inverse (am) * arein H . But we have taken

b=a" e H. Therefore by closure property, (a’“ )_q a'= (am )_q A" =a"eH.

But is the element with least positive power and 0 <r <m. This implies that r=0, thatis n=mq.
ie. b=a™, anintegral powers of a". Therefore H is cyclic.

Theorem: Prove that any group of prime order is cyclic.
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Proof: Let G be a group of order p,where p isa prime number. Then p=1or 2 or 3or

If p=1,then G ={e} which trivially cyclic.
If p=2,thereisatleast one more element a in G.
In this case, let H be the cyclic subgroup of G generated by a i.e. H = (a) .

Now by Lagrange’s theorem, O(H) divides O(G), namely, p.

Since p is prime, O(H)= p. Thus H =<a>={a, a2, . ,ap}.

Therefore H is a subgroup of G and both H and G have the same order p.

This implies that H is an improper subgroup of G, thatis G =(a) = {a, a’,

, ap} which is cyclic.

Theorem: The order of an element of a finite Theorem: Let G be a finite group of order n

group divides the order of G. and acG. Then a"=e.

Proof: Let G be a finite group of order n. Proof: Since G is finite group, ais of finite order.
i.e. O(G)=n Let O(a)=m

Let a€G and let O(a) =m. Then a" =e. Then mis the least positive integer such that

Let H be the cyclic group generated by a. a" =e.

Therefore O(a)=0(H) =m. By previous theorem, O(a) divides O(G).

But H is the cyclic subgroup of G .

By Lagrange’s theorem, O(H) divides O(G). Therefore n=mq (for some integer q)

i.e. O(a) divides O(G).

i.,e. m divides n. Now a" =a™ :(am )q =el =e.

ie. a =e,

i.e. m divides n.

Theorem: Let (G,*) be a finite cyclic group generated by an element a€G. If G is of order n, thatis,

|G|=n,then a"=e,sothat G= {a, a?, ...am a"= e}. Further more n is a least positive

integer for which a" =e.

Proof: Given (G,*) is a finite cyclic group generated by an element a€G and |G |=n.

To prove n is a least positive integer for which a" =e.

On the contrary, suppose there exists a positive integer m<n such that a" =e.

Since G is cyclic, any element of G can be expressed as a* for some ke Z.
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Divide k by m, let q be the quotient and r be the remainder such that 0<r <m. Then k=mq+r.
k _ Amg+r
a =a

— amq *al’
_ (am )q *xg'
=ei*a'
=e*a
=a'
This means that every element of G can be expressed as a", where 0<r <m.
i.e. G has at most m elements or order of G=m<n, which is a contradiction.
i.e. a" =e, for m<nis not possible.
Hence a" =e, where n is the least positive integer.
Now let us prove that the elements a, a°, ....,a" ", a" =e are distinct.
Suppose a' =al, for i<j<n
a'*a' =a'*a
e=al", j—1<n,which is a contradiction.
Hence the elements of G are distinct.
Normal Subgroup
A subgroup H ofagroup G is said to be normal subgroup of G if and only if a*H = H *a forall aeG.
or

A subgroup H ofagroup G is said to be normal subgroup of G if a*h*a™" e H forallheH, acG.

Note: If G is abelian, then every subgroup of G is normal.

Example: Every subgroup of (Z,,,+,) is normal.

Let Z,, = {[0]. 1], [2]. [2]. [4]. [5]. [6]. [7] [8]. 9], [10]. [12]} and H,={[0].[2], [4]. [é]. [8]. 0]} isa

subgroup of Z,, and hence normal subgroup.
Example: Let G ={1,-1,i,—i} is a group under multiplication and H ={1,—1}is a subgroup of G.

To prove H is normal subgroup.
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Let Leta=1a'=1eG Leta=-1a'=-1eG Let

a=1a =1eG Leth=-1eH Let h=1eH a=-1a'=-1€G

Let h=1eH Now Now Let h=-1eH

Now aha =1x(-I)x1=-1eH | aha™ =(-)xIx(-)=1eH | Now

aha =1x1xl=1eH aha™ =
Dx(-Dx(-)=-1eH

Let Leta=i,a'=-ieG Leta=—i,a’*=ieG Leta=—i,a’*=ieG

a=i,a =-1eG |Leth=-1eH Let h=1eH Let h=—1eH

Let h=1eH Now Now Now

Now aha™ = aha™ = aha™ =

ahat = ix(-D)x(-1)=-1eH (-i)x1x(i))=1eH (-)x(-)x()=-1eH

ixlx(-i)=1leH

Therefore H is a normal subgroup of G since a*h*a™ eH forallheH, acG.

Properties of normal subgroup

Theorem: A subgroup H of a group G is a normal subgroup in G iff each left coset of H in G is equal to the

right coset of H in G.

Proof: Suppose a subgroup H of a group G is a
normal subgroup in G. Then by definition,

a*h*a'eH forall heH, acG.
Therefore a*h*a™* =H
(a*H*a*)*a=H>*a
(a*H )*(a’l*a) =H>*a
(a*H)*e=H*a
a*H=H%*a
i.e. left and right cosets are equal

Conversely, suppose each left coset of H in G is
equal to the right coset of Hin G
a*H =H *a forall aeG.

a*H*a*l:H*a*a—l
a*H*a'=H*e
a*H*a™’=H
Therefore a*h*a™* e H forallheH, acG.

i.e. subgroup H of a group G is a normal subgroup
in G.

Theorem: Prove that every subgroup of an abelian group is a normal subgroup.

Proof: Let (G,*) be an abelian group and let (H ,*) be the subgroup of G.

Leta,a’eG andletheH.

Consider a*h*a™* =a*a ™ *h {since G is abelian}

=e*h {identity law}
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=heH

Therefore (H ,*) is the normal subgroup of G.

Theorem: Prove that the intersection of two normal subgroups of a group G is again a normal subgroup
of G.
Proof: Let H and K be two normal subgroups of G. Therefore H and K are two subgroups of G.

Therefore H N K is a subgroups of G.
Leta,a*eG andletheH K.
*h*

Since H is a normal subgroup, a aeH . Alsosince K is a normal subgroup, a*h*a™ e K.

Therefore a*h*a* e H K ,fora,a*eG and he H K.
Hence H m K is a normal subgroup of G.

Example: If H is a subgroup of G such that x> € H for every x€G prove that H is a normal subgroup
of G.
Solution: Let H isasubgroup of G such that X’ e H for every xeG.

Forany aeG and he H, we have a*heG then (a*h)2 eH ...(1)
Since a'eG, then (a‘l)2 eH. Also h',a”eH,then h**a?eH ....(2)
From (1) and (2), (a*h)**h**a?eH

a*h*a*h*h™"*a’eH

a*h*a*e*a”’eH

a*h*a*a”eH

a*h*a'eH

a‘*h*aeH

Therefore H is a normal subgroup.

HOMOMORPHISM OF GROUPS
Definition: Let <G,*> and <H,0> be two groups. A mapping f :G — H is called group homomorphism
from <G,*> to <H ,0> ifforany a, beG, f (a*b)= f (a)Df (b)

Note: If f isboth one to one and onto, then f called isomorphism.
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Example: Define f :(R*,x)—>(R,+) by f(x)=log,, X.
Consider
f(xxy)=1og,,(xxy)
=1log,,(x) +l0g,,(X)
= f(x) + £(y)

Therefore f is a homomorphism.

Example: Let G be the group of integers under addition and H = {1, —1} is a group under multiplication.

1 if xiseven
Define f:(G,+)—(H,x) by f(x)= "1 if xisodd”
Case 1: Let X, yeG. Suppose both x and y are even. Then x+V is also even.
Therefore f(x)=1 f(y)=1and f(x+y)=1.

Now f(x+y)=f(x)x f(y) and hence f isa homomorphism

Case 2: Let X, yeG. Suppose both x and y are odd. Then X+Y is even.
Therefore f(x)=-1, f(y)=-1and f(x+y)=1.

Now f(x+y)=f(x)x f(y) and hence f isa homomorphism

Case 3: Let X, yeG. Suppose X isodd and y is even. Then x+Y is odd.
Therefore f(x)=-1, f(y)=1and f(x+y)=-1.

Now f(x+y)=f(x)x f(y) and hence f isa homomorphism

Example: Define f:(Z,+)—(2Z,+) by f(x)=2x.

Let x=y Let ye2Z. Then y iseven. Consider
2X =2y Then there exists XxeZ such f(x+y)=2(x+Y)
that f(x)=
()= f(y) at 1=y _2x+2y
. f is one-to-one 2x=y
' = () + f(y)
X=XeZ
2 . f isa homomorphism and
CF hence it is isomorphism.
. IS onto
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Example: Define f :(R,+)—>(R*,x) by f(x)=¢e".

Let x=y Let yeR". Then y is positive. | Consider
e“=¢’ Then there exists X € R such f(x+y)=e"
f(9=1(y) that T(x)=y _e*xe!
. f isone-to-one et =y £ x £ (y)
= X
x=logyeR y
) . f isa homomorphism and
. f is onto o _
hence it is isomorphism.

Example: Show that a mapping f :(S,+)—(T,x) defined by f(x)=3", where Sis the set of all rational
numbers and T is the set of all nonzero real numbers is a homomorphism but not an isomorphism.
Solution: Given f(x)=3"forall xeS.

Let X,y eS.

Then f(x+y)=3""=3"x3" = f(X)x f(y). Therefore f isa homomorphism.

Let f(x)=f(y) But range of f has no negative numbers
and hence it is not onto. i.e.for —-3eT

=3 . .
there is no rational number xS such
X=Yy that 3* = -3.
Therefore f is one-to-one. Therefore f is not an isomorphism

Theorem: The group (Zn, +n) is isomorphic to every cyclic group of order n.
Proof: Let G be a finite cyclic group of order n. Let a € G be the generator.
Therefore G =(a) ={e, a, a’, .. a”’l}.

Now defineamap f:Z —G by f(k)=a", forall keZ, .

Suppose f(r)= f(s) wherer,seZ,

a"=a
a'a®=a’a"
al’*S — e
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Since O(a) =n, it follows that n divides r-—s.

But r <n and s<n, we get r =S and hence f is one-to-one.

Clearly f is onto.

Consider f(r+,6s)=a""=a"a*= f(r)f(s). Therefore f is homomorphism.

Thus we conclude that (Z,, +,) is isomorphicto G.

Theorem: Let f :(G,*) > f :(G’,A) be a group homomorphism. Then prove that

(1) [f@] =f(a'),vaeG  (2) f(e)isanidentity of G', when e isan identity of G.

Proof: Let acG. Let e, €' be the identities of G and G’ respectively.
(1) To prove [f(a)]_l = f (a‘l), VaeG
Let aeG. Then a*a™'=e. Also a**a=¢e

Therefore f(a at)="f(e)=e Therefore f(a™*a)=f(e)=¢
A (a)=e fla?)at(a)-

Therefore, we have f(a)Af(a™*)=f(a?)Af(a)

ie. f(a')istheinverseof f(a).ie. [f(a)] =f(a”)

i.e. group homomorphism preserves inverses.

(2) To prove f(e)isan identity of G’, when e is an identity of G.
f(a)=f(a*e)
= f(@)Af(e).....) f isahomomorphism
Also f(a)=f(a)A e ... (2)

From (1) and (2), f(a)A f(e)= f(a)Ae

f(e)=¢e', {byleftcancellation law}

i.e. group homomorphism preserves identities.

Theorem: Let f:G — G’ be a group homomorphism. Then if H is a subgroup of G, then

f(H)={f(h):heH} is a subgroup of G'.
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Proof: Let e, €' be the identities of G and G'respectively.
Let f(H)={f(h):heH}.
Since H is asub group of G, eeH. Therefore f(e)e f(H).

To prove f(H) isasub group, chose & be f(H) and show that ab™ e f (H)
Leta,bef (H) Then there exists X, y€ H such that a= f(x), b= f(y).

Therefore ab™=f(X)[f(y)]" = f(X)f(y")=f(xy™)

Since H isasubgroupof G, X, yeH = xy " eH. Therefore ab™ = f (xy’l)e f(H).

Therefore f(H) is a subgroup of G'.

Definition: Let f :G — H is a group homomorphism. The kernel is defined as K :{ xeG: f(x)=¢ }
where €’ is the identity element of H .

Theorem: Let f :G — H be a homomorphism with kernal K. Then prove that K is a sub group of
G.

Proof: Let e, €' be the identities of G and H respectively. Let K :{ xeG: f(x)=¢}.

Now e€G and f(e)=e’ . Therefore e K and hence K is non empty.
Let a,beK. Then f(a)=¢" and f(b)=¢".

Consider
f(ab™)="f(a)f(b™)
=f@f®™"
=¢ (¢')"
=e'e’
=¢

Therefore a, be K = ab™ €K and hence K is a subgroup of G.

Theorem: Prove that the Kernal of a homomorphisms f from <G,*> to <H , 0> is a normal sub group of
(6.4,
Proof: Let f :<G,*> —><H,0> be a group homomorphism with kernel K. Then K is a subgroup of G.

Let e, €’ be the identities of G and H respectively.

By definition kernel K = { xeG: f(x)=¢ }
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Now e€G and f(e) =€’ . Therefore e K and hence K is non empty.

Let a,beK. Then f(a)=¢" and f(b)=¢".

Consider f (a*b’l) = f(a)f ( bfl) {since f is a homomorphism}

=t (a)[ f(b)]"

=el(e')”

=e'le’

—¢
Therefore a*b™ € K and hence K is a subgroup of G.
Now let @, a* €G andlet k e K.
Consider f(a*k*a™)=f(a)If (k)ef(a™)

=f(a)eef(a?)

Therefore a*k*a ' €K forall aeG and forall k e K. Therefore K is a normal subgroup of G.

Theorem: (Fundamental theorem of homomorphism) Let f :G — G’ be a homomorphism of G onto G’

with kernel K. Then G/K [ G'.

Proof: Let f:G — G’ be ahomomorphism of G onto G'. LetKer f = K.

Let e, €' be the identities of G and G’ respectively.

Let ¢:G > G/K be a homomorphism defined by ¢(g)=Kg, V geG.

Define a mapping v :G/K -G’ by y(Kg)=f(g), VgeG
(i) To prove y is well defined.

Suppose Kg, =Kg, = g, €Kg,

= 0,=Kkg, forsome keK

= f(g,)=f(kg,)

= f(9,)=f(k)f(9,), since f isahomomorphism

= f(9,)=¢ f(g,), since keK

L f(x)=¢, for xeKcG

ge G - G’

Kge G/K
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= f(9)=1(9.)
= V/(Kgl):W(ng)

(ii) To prove y is one-to-one.

—_
(@]
=y

~

—

—_
(@]
N

LN
S~
Il
CD‘

= f(g,9,')=¢
= 0,0, €K
= 0, €Kog,
= Kg, =Kg,
(iii) To prove y is onto.
Let g’ eG’. Since f is onto, there exists g € G such that f(g)=g".

Therefore there exists Kg € G/K such that y(Kg)= f(g)=g"

Therefore y is onto.
(iii) To prove y is a homomorphism.
v[(K.)(Kg.)] = w[Kag,]
= [0.9,]
f(9:)f(9.)

=y (Kg,)w (Kg,)

Thus y is an isomorphism and hence G/K [ G’

Theorem: Let (G, *) be a group and let H be a normal subgroup of G. If G/H be the set {aH |ae G}
then show that (G/H,®) is a group, where aH ®bH =(a*b)H , forall a*H, b*H eG/H . Further,

show that there exists a natural homomorphism f:G —>G/H.
Proof: Given quotient group G/H ={a*H |aeG}
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(i) To prove the operation ® defined by a*H ®b*H =(a*b)H is well defined.

Let @’ caH and b’ebH . Then a'H =aH and b'H =bH.
To prove: (aH)®(bH)=(a'H)®(b'H) ie. (a*b)H =(a"*b")H
Since a’eaH and b’ebH , we have a’'=ah,, b’=bh, for some h, h,eH.

Therefore
a'b’=ah, bh,

=ab(b™hb)h,, {-- N is normal subgroup of G, h,eN,aeG thenbhb=h,eN}

— abh,h,

=abh,, where h;h,=h, e N

Therefore a’b’eabH. Also a'b’ea’b’H.

Since any two cosets are either identical or disjoint, abH =a’b’'H
e. (a%b)H =(a*b)H

Therefore the operation ® is well defined.

(i) To prove ® is associative.

Let a*H,b*H, c*H eG/H. Then
(a*H)®[ (b*H)®(c*H)]=(a*H)®(b*c*H)
=(a*(b*c)*H)

((a*b)*c*H)

((a*b)*H)®(c*H)
=[(a*H)®(b*H)]|®(c*H)

(iii) Let e be the identity of G. Then H=e*H eG/H.

Then (a*H)®H =(a*H)®(e*H)=(a*e)H =a*H.

Similarly H®(a*H)=a*H

Therefore H is the identity element of G/H.

(iv) Consider (a*H)®(a'*H)=(a*a**H)=(e*H)=H.

Similarly (a’l*H)®(a*H)= H.
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Therefore the inverse of (a* H ) eG/H is (a’l *H ) eG/H.

Therefore G/H is a group.,
Existence of homomorphism:

Consider the mapping f :G — G/H definedas f(a)=a*H : aeG.
f(a*b) = (a*b)*H = (a*H )®(b*H ) =f(a)® f(b)
Theorem: Prove that every finite group of order n is isomorphic to a permutation group of degree n.

Proof: Step 1: To find the set of permutations.

Let G be a finite group of order n. Let aeG. Define f,:G -G by f, (x) =ax.
Here f, is one to one function. Because f,(x)= f,(y)

ax=ay

X=Y

Also f, is on to function. Let y = f_(x) =ax and hence x=a'y
Therefore if y € G, then there exists x=a'y such that f,(x)= f, (a‘ly) —aaly=y.
Therefore f, is bijective and also is a permutation of n elements of G.
Let G ={f,:aeG}
Step 2: To prove G is a group. Let f,, f, eG.
Consider (f,o f,)(x) = f,[ f,(X)]= f.(bx) = (ab)(x) = f,(x) €G-
Therefore G’ is closed under composition of mapping and hence it is associative.

Since e € G be the identity element of G, f, €G’ is the identity element of G’.
Because f,(e)=ee=e.
Consider (f,.o f,)() = f . [f.(0)]=f,.(ax) = (a™)(ax) =(a"a)x=ex=f,(x).
Hence f_, is the inverse of f,.
Hence G’ is a group of permutation.
To prove G isisomorphicto G’. Define §:G—>G' by g(a)= f,.
Let g(a) =g(b)
fo=1,
f. () = ,(x)
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ax = bx

a=b. Hence g isone to one function.

Also for all f, G’ thereis a<G suchthat g(a)= f,. Hence g is onto.
Consider g(ab) = f,,

= T (%)

=(ab)x

= (ax)(bx)

= f.(x) f,(x)

=g(a)g(b)

Hence g is one-one, onto homomorphism and hence g is isomorphic.

Algebraic Systems With Two Binary Operations

Definition: A non empty set R together with the binary operations + and e is said to a Ring if,
(1) (R,+) is an abelian group

(2) eisassociative
(3) eisdistributive over addition

Definition: Aring R is said to be commutative if the binary operation e is commutative.

Example: (R,+,e), (Z,+¢), (Q,+ ) are commutative rings.
Example: Prove that the set Z, ={[0], [1], [2], [3]} is a commutative ring with respect to the binary

operation +, and X,.

To prove (Z,,+,) is an abelian group. To prove x, is associative
+, [0] [1] [2] [3] Xy [0] [1] [2] [3]
[0] [0] [1] [2] [3] [0] [0] [0] [0] [0]
1] [1] [2] [3] [0] [1] [0] [1] [2] [3]
[2] [2] [3] [0] [1] [2] [0] [2] [0] [2]
[3] [3] [0] [1] [2] [3] [0] [3] [2] [1]

From the table x, is associative.
From the table, +, is closure and associative. _
[0] is the identity under +,. For example consider
Inverse of [0] is [0]. Inverse of [1] is [3].
175
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Inverse of [2] is [2]. Inverse of [3] is [1]. [11%, ([21x, [3]) = ([1]%, [2]) %, [3]
Also a+,b=b+,a. [11x, [2]1=[2]x,[3]
Therefore (z,,+,) is an abelian group. [2]=12]

Also from the table x, is commutative

To prove X, is distributive over addition i.e. ax, (b+,c)=(ax,b)+, (ax,c)

For example Consider,
[1]x, ([2]+,[3]) = ([2]x, [2]) +, ([1]x, [3])
[1]=, [1]=[2]+,[3]
[1]=[]

Therefore Z, is a commutative ring with respect to the binary operation +, and x,.

Example: Prove that the set M of all NxN matrices with real elements is a non commutative ring with

respect to matrix addition and matrix multiplication as binary operation.

Solution: Let M be the set of all NxN matrices with real elements.
Closure : Sum of any two NxN matrices is also a NxN matrix
Associative : Matrix addition is associative

Identity : (0),,, is the identity element

Inverse  : Forany AeM then —Ae M such that A+(-A)=(0),,
Commutative: Forall ABeM, A+B=B+A

Therefore (M,+) is an abelian group.

Also matrix multiplication is associative and hence (M,X) is a semi group.

To prove matrix multiplication is distributive over matrix addition.
ie. Ax(B+C)=(AxB)+(AxC)

For example Consider,
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Since matrix multiplication is not commutative, (|\/| ,+,><) is non commutative ring.

Definition: Aring R is said to be a ring with identity if there exists an element a € R such that
aec=ecea=a forall eeR.

Example: (R,+e), (Z,+,¢), (Q,+ ) are rings with identity.

Definition: A non zero element a R is a zero divisor if there exists a nonzero element b € R such that
ab=0.

Example: Inthe Ring Z,,, [3]is a zero divisor because [3]x,, [4]=0.

Definition: A commutative ring R with a identity element € is an integral domain if R has no zero
divisors..

Example: Z and Z, are integral domain.
Example: Show that (Z,+,x) is an integral domain where Z is the set of all integers.
Solution: Let Z be the set of all integers and addition is the binary operation

Let a,b,ceZ

Closure: Sum of two integers is again an integer
Associative: Addition is associative on Z

Identity : O is the additive identity

Inverse : Forany @€ Z thereis —a<z such that a+(-a)=0

Commutative: a+b=b+a forall a,beZ

~. (Z,+) is an abelian group.

Multiplication is associative on Z and 1 is the identity with respect to multiplication.
= (Z,x) is a Monoid.

Also multiplication is commutative on Z and it is distributive over addition.

There is no non zero integers @ & b such that axb=0 and a+b=0.

177
https://doi.org/10.5281/zenodo0.15287805



Therefore (Z,+,x) is without zero divisors and hence an integral domain.

Example: If (R, +, .) is aring then prove that a.0=0, VaeR and 0 is the identity elementin R under

addition.
Proof: Consider
ae0=ae0+0

=ae0+ae0 {distributive property}
0=ae0

Definition: A field is a system (F, +, .) satisfying the following conditions:
(i) (F, +) is an abelian group
(i) (F—{0), .) is an abelian group

(iii) a(b+c)=ab+acVva,bceF

Example: (R,+,e), (C,+,9), (Q,+ ) are fields under usual addition and multiplication.

Example: Give an example of an integral domain which is not a field.
Consider the Ring of integers. Itis an infinite integral domain but not a field.
Also Z is an infinite integral domain but not a field.

Note: A finite integral domain is a field.
EXERCISE

1. Find all the left co-sets of H ={1, =1} in the group (G.,.) where G={1-1i,-i}.

2. [s it true that (ZZB ><5) a cyclic group? Justify your answer.
+ %) . . . . ab N
3. Show that (Q ' ) is an abelian group, where * is defined by a*b = > Va,beQ'.
4. Let Z be the group of integers with the binary operation * defined by a*b=a+b—2, forall 4, beZ.

Find the identity element of the group (Z,*).

5. Give an example of an integral domain which is not a field.
Prove that G ={[1], [2], [3], [4]} is an abelian group under multiplication modulo 5.

7. Prove that the set Z, = {[0], [1], [2], [3]} is a commutative ring with respect to the binary operation +,
and X,.
a a
8. Examine whether G = {( j raz0e R} is a commutative group under matrix multiplication, where R
a a
is the set of all real numbers.
9. Find the left cosets of {[0], [3]} in the group (Z;, +)-
10. Find the idempotent elements of G = {1, -1, - i} under the binary operation multiplication.
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11.

12.

13.
14.

Find all the subgroups of (Zy,+,).

If * is the operation defined on S =QxQ, the set of ordered pairs of rational numbers and given by

(a,b)*(x,y) =(ax, ay +b), show that (S,*) is a semi group. Is it commutative? Also find the identity

elementof S.

Show that (Z,+,><) is an integral domain where Z is the set of all integers.

If (Z,+) and (E,+) where Z is the set of all integers and E is the set of all even integers. Show that the

two semigroups (Z,+) and (E,+) are isomorphic.
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UNIT V- LATTICES AND BOOLEAN ALGEBRA

Relation is a fundamental concept in Set theory. Equivalence relation, partial ordering and functions are
special types of relations. Recall the definition that a non empty set P together with a relation < which is
reflexive, anti-symmetric and transitive is called partially ordered set or poset, denotd by (P,<). Ina poset

if a<b, then (a, b) € R . In this chapter we introduce lattice as a partially ordered set with some additional

characteristics and study its properties.

Example: Show that (N <) is a partially ordered set ~ where N is set of all positive integers and < is
defined by m<n if and only if n—m is a non negative integer.

Given N ={0, 123 ... }

The relation R(S) is defined by m<n if and only if n—m is a non negative integer.

Here forall acN, a—a=0 is a non negative integer and (a,a) € R. Therefore the relation is reflexive.

Suppose that for a,be N, b—a=k, a non negative integer. But a—b=—k, a negative integer. If
a—b=b-a=k, a non negative integer then a=Db. Therefore if (a,b)eR and (b,a) R, then a=Db.
Therefore relation is antisymmetric.

Suppose that (a, b), (b, C) €R, then b—a =k, anon negative integer and c—b =1, a non negative integer.
Adding, we have (b —a) +(C —b) =Kk +1
(c—a)=k+1, anon negative integer

Therefore (a,c) e R
Therefore (N,<) is a partially ordered set

Definition: Let (P,<) be a poset. The elements a,b € A are said to be comparable if a<b or b<a.

Example: Consider the poset (Z+ ) |) Here 3, 8 are not comparable but 3, 9 are comparable.

Definition: Let (P <) be a poset. If every pair of elements of P are comparable, then P is called totally
ordered set and the relation < is called total order. A totally ordered set is called a chain.

Example: The set of real numbers with usual order < is a totally ordered set.

Hasse Diagrams of Partially Ordered Sets

A partial order (P,<) can be represented by means of a diagram called Hasse diagram. We discuss the
procedure for constructing the Hasse diagram.
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Let (P,<) be a posetand a,b € P. Then the element a is an immediate predecessor of b then a<b and
no element ¢ € P that lies between a and b.

Equivalently this can be stated as b is an immediate successor of a or b covers a denoted by a <<b.

The Hasse diagram of a finite partially ordered set P is a directed graph whose vertices are elements of
P and there is an directed edge from a to h whenever a<<b in P.

Instead of drawing an directed edge from a to b, it is customary to place b higher than a and draw
undirected line between them. So the Hasse diagram of a finite poset is a undirected self loop free graph.

Hint: To obtain the Hasse diagram of a poset, first draw the directed graph of the relation ad then delete
all loops and all edges implied by transitive property. Incomparable elements are placed in horizontal line.

Example: Draw the Hasse diagram of D50 , the set of all positive >
divisors of 50.
10

The elements of D, are {1, 2, 5, 10, 25, 50} 25
Here 2, 5 and 10, 25 pairs are incomparable and hence they are on N
the same level. >
Also 1<<2, 1<<5, 2<<10, 5<<10, 5<<25, 10<<50, 25<<50

1

Example: Draw the Hasse diagram of the poset (P,<)where
P={2, 3 6,12 24, 36} and x<y if x|y.

Here the pairs 2, 3 and 24, 36 are incomparable and hence they
are on the same level.
Also 2<<6, 3<<6, 6<<12, 12<<24, 12<<36

.Example: Draw the Hasse diagram of the poset (P(S), S)
where P(S) is the power setof S :{a, b, C} and A<B if AcB

Here P(S)=1{¢, {a}, {b}. {c} {a.b}, {b.c} {a.c}. {ab.c}

The triplets {a}, {b}, {c} and {a,b}, {b,c}, {a,c} are incomparable
and hence they are on the same level. Also

¢ <<{a}, ¢ <<{b}, ¢ <<{c} and

{a} <<{a,b}, {a} <<{a,c}, {b} <<{a, b}, {b} <<{b,c},

{c}<<{a,c}, {c}<<{b,c}.

Also {a,b} <<{a,b,c}, {a,c} <<{a,b,c}, {b,c}<<{a,b,c}
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Special Elements in Posets

Let (P,<) be a poset.

greatest element of P if X<a forall xeP.

A element a € P is called maximal element if a < X

forno xeP.

Results:

An element aePis the

e The greatest (or least) element, if it exists, is unique.

¢ A maximal (or minimal) element need not be unique

e Maximal element need not be greatest element

e Minimal element need not be least element

e Maximal elements are at the top of the Hasse diagram

e Minimal elements are at the bottom of the Hasse diagram

Example: Let S ={a, bc}. Then (P(S), <) is a poset.

Let A={g, a,b, {ac}}
Then (A, <) is aposet.

Here ¢ is the least element
Because }

g9, Py,

¢ < b}, ¢g§a,c}

A has no greatest element.
Becauseb « {a,c}

But {a,c} is the maximal
element. Because thereis no
X € A such that {a,c} < x.
Also ¢4 is the minimal
element. Because there is no
X € A such that xc ¢.

Let A={a,b, {a,c},{a,b,c}}
Then (A, <) is a poset.
There is least element

Because
{a}z {b}, bz {a,c}

no

But A has greatest element
{a,b,c}. Because

ia}c {a{b,c}, ib}g %a,b,c},

a,cfc{a,b,c}, {a,b,c}c {a,b,c}

Here {a,b,c} is the maximal

element. Because there is no
X € A such that {a,b,c}c x.

But {a} and {b} are the minimal

elements. Because there is no
Xxe A such that xcf{a} and

Xc{b}-

Let A={g,a,b, {a.b}}
Then (A, <) is a poset.

Here ¢ is the least element

Because
¢ ia},

Sl Sl

Also A has greatest element
{a,b}. Because

Flasth Bz Y

22

Here {a,b} is the maximal
element. Because thereis no
X € A such that {a,b} <= x.

Also ¢4 is the minimal
element. Because there is no

X € A such that xc ¢.
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Let (P,<) be a poset. An element a € Pis the least
element of P if a<X forall xeP.

A element aeP is called minimal element if
x<a forno xeP.

182



Example: Determine whether the posets P represented by Hasse diagram have a greatest and least
element, minimal and maximal elements.

24 36 12 a 18 ab.c
=}
12 {ab} - b.ch
; , . > <
6 {a} {cr
2 E 2 3 1
@
2,3 have no 2,3 have no 1 has no predecessor and | ¢ has no predecessor and hence
predecessor and predecessor and hence it is the minimal it is the minimal element
hence they are the | hence they are the | element

minimal elements

minimal elements

24, 36 have no
successor and
hence they are the
maximal elements

12 has no
successor and
hence it is the
maximal element

4, 18 have no successor
and hence they are the
maximal elements

{a,b,c} has no successor and
hence it is the maximal element

There is no
element a € P such
that a < X for all

x € P and hence P
has no least
element

There is no
element ac P
such that a £ X for
all xeP and
hence P has no
least element

The element 1€ P such
that 1<x forall xeP
and hence 1 is the least
element

The element ¢ € P such that
¢ <x forall xeP and hence ¢
is the least element

There is no
element a € P such
that X< a forall

X € P and hence P
has no greatest
element

The element

12 € P such that
x<12 forall xeP
and hence 12 is the
greatest element

There is no element
a e P such that X<a for
all xe P and hence P has
no greatest element

The element {a,b,c}e P such
that x <{a,b,c} forall xeP
and hence {a,b,c} is the greatest
element

Definition: A set with an ordering relation is well order if every non empty subset of the set has a least
element.

Example: The set of positive integers with ordering < is well ordered.
But the set of integers with ordering < is not well ordered, because the subset of negative integers has no
least element.
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Lower and Upper Bound

Definition: Let P be aposetand a,beP.
An element ¢ € P is the lower bound of

aandbifc<aandc<b,i.e. c precedes

Definition: Let P be aposetand a,be P.
An element C € P is the upper bound of

aand b ifa<c andb<c,i.e. ¢ succeeds

relation <.
Let A={46} beasubsetof P.
Here 3<4,3<6 & 4<4,4<6

Therefore the lower bounds of A are 3, 4.

aandb. a and b.
Example: Consider the  poset | Example: Consider the  poset
P={3456,7} with the partial order | P={3456,7} with the partial order

relation <.
Let A={46} beasubsetof P.
Here 4<6, 6<6 & 4<7, 6<7

Therefore the upper bounds of A are 6, 7.

Definition: An element ge A is called

greatest lower bound(glb) of a and b if and
onlyif g<aandg <b and ¢ <g whenever

¢ is a lower bound of P.

Definition: An element | € A is called least
upper bound(lub) of a and b if and only if
a<l| andb<I| and I<c whenever C is a
lower bound of P .

Note: In the above example 4 is the greatest
lower bound of P .

Note: In the above example 6 is the least
upper bound of P .

Note: The greatest lower bound of {a,b} is

denoted by a Ab or a*b and is called meet
or product.

In the above example, aAb =4 or a*b=4

Note: The least upper bound of {a,b} is

denoted by avb or a®b and is called join
or sum.

In the above example, avb=6 or a®b =6

Result:

A sub set A of a poset may or may not have upper or lower bounds

An upper or lower bound may or may not belong to the subset A itself.

More than one upper or lower bound may exist

The greatest element is always the least upper bound but the converse is not true.
The least element is always the greatest lower bound but the converse is not true
The LUB and GLB of a subset of a poset, if they exist, are unique.

Theorem: Show that least upper bound of a sub set B in aposet (A <) is unique if it exist.
Let B= {a,b}. Let u,, u, be two different least upper bounds of B .

By definition of upper bound, a<u,, a<u,,b<u, b<u,.

Suppose u, is a LUB of B= {a, b} then u, < u, for any other upper bound u,

Suppose u,is a LUB of B= {a, b} then u, < u, for any other upper bound u,

Therefore by antisymmetric, u, = u, .
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Note: The proof for uniqueness of GLB is analogous as LUB.
Example: Let p = {1,23,.....9,10} and the partial ordered relation be ‘divides’. Discuss the lower and upper

bounds of the given subsets. A={5,8}, A= {2, 5}, A= {1, 2, 3}, A= {1, 2, 4}.

10 8
(i) Let A={5,8} beasubsetof P.

Here 1<5 and 1<8. Hence 1€ P precedes every element of A

and it is the lower bound of A.

But there is no element a € P such that 5<a and 8 <a. Hence the

set A has no upper bound.

(ii) Let A= {2, 5} be asubsetof P.

Here 2 <10and 5<10. Hence 10 € P succeeds every element of A and it is the upper bound od A.
Also 1<2and 1<5. Hence 1€ P precedes every element of Aand it is the lower bound of A.
(iii) Let A={,2,3}beasubsetof P.

Clearly 1€ P precedes every element of A and it is the lower bound of A.

Clearly 6 € P succeeds every element of Aand itis the upper bound of A.

(iv) Let A= {1, 2, 4} be asubsetof P.

Clearly 1€ P precedes every element of A and it is the lower bound of A. Therefore glb{1,2,4} =1

Also 1<4, 2<4, 4<4 and 1<8, 2<8, 4<8. Hence 4,8€ P succeeds every element of Aand
hence 4, 8 are the upper bound of A. Therefore Iub{1,2,4} =4

Example: Let D,, = {12,35,6101530} and let the relation R be divisor on D,,. Find

i. all the lower bounds of 10 and 15 ii. the glb of 10 and 15
iii. all upper bound of 10 and 15 iv. the lub of 10 and 15
v. draw the Hasse diagram

(i) Let A={10,15} beasubsetof D, . Let the relation be divides

Here 1|10, 1|15 and 5|10, 5|15. Hence 15 € D,, precedes every element of Aand hence 1, 5 are

the lower bounds of A.
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(i) gIb{l0,15}=5 20
(iii) Here 10]30, 15]|30. Hence 30 € D, succeeds every
element of A and hence 30 is the upper bounds of A. © ’ ‘ *
(iv) Ilub{l0,15}=30 2 5
(v) The Hasse diagram
Note: If the partial order is ‘divides’ then gcd(x,y)= glb(x,y) & lem(x,y)=lub(x,y).

Example: Verify the above note, with the poset or Hasse diagram of the previous example.

Let A={3, 5} Let A={5, 6}
. 3,6,9,12,15,18,... , 5, 10, 15, 20, 25, 30,...

Multiples of 3,5 are Multiples of 5,6 are

5,10, 15, 20, 25,..... 6,12, 18, 24, 30, 36.....
Least common multiple of A is 15 Least common multiple of A is 30
Upper bounds of A are 15, 30 Upper bound of A is 30
Because 3|15, 5|15 and 3|30, 5|30 Because 5|30, 6|30
Least upper bound of A is 15. Least upper bound of A is 30.
Let A={6, 15} Let A={2, 30}

- 1,236 . 1,

Divisors of 6, 15 are Divisors of 2, 30 are

1,3515 1, 2,3,5,6,10,15, 30
Greatest common divisors of A is 3 Greatest common divisors of A is 2
Lower bounds of Aare 1, 3 Lower bounds of A are 1, 2
Because 1|6, 1|15 and 3|6, 3|15 Because 1|2, 1|30 and 2|2, 2|30
Greatest lower bound of A is 3. Greatest lower bound of A is 2.
Example: Find the lower bound, GLB for B ={d,e} and upper bound, f
LUB for A={a,b,c} of the posets whose Hasse diagrams is given here.

d e
Let A={a,b,c}.
The upper bounds of A are e, f.
Therefore the LUB of A is e.
b [
Let B={d,e}
The lower bounds of A are a, b.
Therefore the GLB of A is b.
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Example: Find the lower and upper bounds of the sub sets A={a,b,c}, h
B={i, h} and C ={a,c,d, f}in the poset with the Hasse diagram given
here.

—

g f
Also find the LUB and GLB of the sub set D ={b,d, g}, if they exist.
Let A={a,b,c}. d e
The upper bounds of A are e, f, i, h.
The lower bound of A is a. b c
Let B ={i, h}
The upper bound of B does not exist. a

The lower bounds of B are a, b, ¢, d, e, f.

Let C={a,c,d, f}.
The upper bounds of C are f, i, h.
The lower bound of C is a.

Example: For the poset {(3, 5,9,15, 24, 45),|}, draw the Hasse diagram and find

(i) The maximal and minimal elements
(ii) The greatest and least elements

(iii)  The upper bounds and LUB of {3,5}
(iv) Thelower bounds and GLB of {15, 45}

(1) The minimal elements are 3, 5 and the maximal element is 45

g 45
(ii)  There exists no least or greatest elements
(iii) Upper bounds of {3, 5} are 15, 45 and hence LUB of {3, 5} is 15 24 g 15
(iv) Lower bounds of {15, 45} are 3, 5 and hence GLB of {15, 45} is 5
3
s
Example: Identify the maximal elements, minimal elements, least and greatest (if they exist) of the
POSETs given by the following Hasse diagrams.
¥ C
e a b
POSET 1 POSET 2
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POSET 1 POSET 2
Maximal Elements u e
Minimal Elements X a,b
Least Element X Does not exist
Greatest Element u e

LATTICE

A lattice is a poset (L,S) in which every two element subset has a LUB and GLB. It is denoted as (L, /\,v).

Example: Let | be the set of all positive integers
and R be the relation divides i.e. aRb iff a|b.

Then the poset (1,]) is a lattice in which join and
meet of every pair of elements a and b is

avb=lcm(a,b) and a b= gcd(a,b)

Example: Let P(S) be the power set of a non

empty set S and R be the relation subset i.e.
ARB iff Ac B.

Then the poset (P(S),o]) is a lattice in which join

and meet of every pair of elements A and B is
AvB=AuBand AAB=ANnB

Example: If P(S) is the power set of S and U, N are taken as join and meet, prove that (P(S), <) isa

lattice.

Let S be a given set and P(S) be its power set. Let A, BeP(S).

Define a relation ARB on P(S) if AT B. Clearly the relation is reflexive, anti-symmetric and transitive.

Hence (P(S), <) is a partially ordered set.

To find the LUB{A, B}.
We know that Ac(AuUB) and B (AUB).

Therefore (AU B) is the upper bound of {A, B}.

Suppose AcC and BcC,then AuBcC.
Hence (AU B) is the least upper bound of {A, B}.

To find the GLB{A, B}.
We know that (AnB)c A and (AnB) < B.

Therefore (Am B) is the lower bound of {A, B} )

Suppose Cc A and CcB,then Cc AnB.
Hence (AN B) is the greatest lower bound of

{A B}.

i.e. every pair of elements of P(S) has both LUB and GLB under <. Hence (P(S), C) is a lattice.

Example : Consider the set S={2,3,6,12,24,36} with a binary operation division. Clearly (S, [) isa
poset. But GLB(2, 3) and LUB(24, 36) does not existin S. Hence it is not a lattice.

Example: Consider the following Hasse diagrams of posets. Check whether the poset is a lattice.
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Here for any pair of elements of the poset LUB and
GLB exists and hence the given poset is a lattice.

For example:

Let A= {b, C} be a subset of the given poset

Now upper bounds of A are ¢, f.
- LUB {b,c}=bvc=e.

Now lower bounds of A is a.
. GLB {b, cl=bac=a.

a

Let A={b, c} be asubset of the given poset
Now upper bounds of A are d, e, f.
But LUB {b, c} =bv c = does not exist.

Similarly consider a subset B={d, e}
Now lower bounds of B are a, b, c.
But GLB {d, e} =d ne = does not exist.

Therefore the given poset is not a lattice.

Note: The Hasse diagram of a lattice is always a combination of closed
polygons because any two of its elements have a common predecessor

and a common successor.

Here given hasse diagram does not represent a lattice because avhb

does not exist.

Theorem: Every chain is a lattice.

Proof: Let (L,<) bea chainand let &, be L. Ina chain any pair of elements are comparable.

Without loss of generality assume that a<b.

Clearly b is a the upper bound of a and b ........(1)
Suppose U is any other upper bound of a and b.
Then a<u and b<u .....(2)

From (1) and (2), we conclude that b is a the least
upper bound of a and b.

Therefore avb=Nh.

Also a is athe lower bound of a and b ........ (3)
Suppose | is any other lower bound of a and b.
Then I <a and I <b.....(4)

From (3) and (4), we conclude that a is a the
greatest lower bound of a and b.

Therefore anb=a.

Since both LUB and GLB exists for any pair of elements, the chain (L,S) is a lattice.
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Definition: A lattice L is said to be complete if every subset of it has a LUB and GLBin L.
Example : The lattice L=(P(S), U, N) is complete.

The lattice (R, S) is not complete because each subset does not posses a unique GLB.

Note: Every complete lattice is bounded
Every finite lattice is complete
Dual of the complete lattice is complete

Principle of Duality

When < is a partial ordering relation on a set, the converse > is also a partial ordering relation on the same
set. For example, if ‘divisor of’ is a partial ordering relation then ‘multiple of is also a partial ordering.

Note: LUB(A) with respect to < is same as GLB(A) with respect to > and vice versa.
If (L,<) is a lattice, then (L,>) is also a lattice. Also the operations A,V in (L,<) becomes

the operations A,vin v, Ain (L,S).

Therefore any statement involving A,V in (L,S) remains true if A is replaced by v and v is replaced by
A and < isreplaced by 2.

Properties: Let (L,S) be a lattice, then for a,b,c € L, the following properties are hold.

. ava=a and ana=a Idempotent
ii. avb=bva and anb=bnaa Commutative
il av(b\/C):(a\/b)vC and a/\(b/\c):(a/\b)/\c Associative
iv. av(aab)=a and an(avb)=a Absorption

Theorem: Show that every ordered lattice (L,<) satisfies the above properties of the algebraic lattice.

We know that (L,<) is said to be ordered lattice if for every a,be L both aAb, avb exists. The lattice
(L,A,v) is called algebraic lattice.

1. Idempotent Property:
ava=LUB(a,a)=LUB(a)=a | ara=GLB(a,a)=GLB(a)=a

2. Commutative Property
avb=LUB(a,b)=LUB(b,a)=bva \ anb=GLB(a,b)=GLB(b,a)=bAa

3. Associative Property

(a\/b)\/c is the LUB of (avb) and C av(b\/C) is the LUB of a and (va)
Therefore (avb) <(avb)vc ...(1) Therefore a<av(bvc)....(9)
c <(avb)vc ...(2) bvc<av(bvc)....(10)
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Also (av b) isthe LUB of a and b

Therefore aS(avb) e(3)

b<(avb) ...(4)
From (1), (3) by transitivity a<(avb)vc ....(5)
From (1), (4) by transitivity b<(avb)vc ....(6)
From (2), (6) by join bvec<(avb)ve ..(7)
From (5), (7) by join av(bvc)<(avb)ve ..(8)

Also (bvc) isthe LUBof b and ¢
Therefore b<(bvc)....(11)

c<(bve)...(12)
From (10), (11) by transitivity b < av(bvc) -(13)
From (10), (12) by transitivity c<av(bvc)..(14)
From (9), (13) by join avb<av(bvc)....(15)

From (14), (15) by join (avh)vc<av(bvc).(16)

Combining (8) and (16), we have av(bvc)=(avb)vc

Similarly we can prove the associative property for ‘meet’ or from the principle of duality it can be

obtained.

4. Absorption Property
(a/\b) is the GLB of a and b

Therefore (aAb)<a ...(1)

Also a<a

From (1) and (2) by join, av(a/\b) <a ..

But av(a/\b) is the LUB of a and (a/\b).
Therefore a<av(anb)....(4)

From (3), (4) a=av(anb)

5. Property: If (L,S) be alattice, forany a,be L (i)avb=b iff a<b

Let a<b

Also b<b

Therefore avb<b ...(1)
Since av b is the LUB of (a,b),

we have b<avb....(2)
From (1) and (2) avb=b

Proof of (ii) is analogous to proof of (i)

3)

(avb) isthe LUBof a and b
Therefore a<(avb) ....(5)
Also a<a
From (1) and (2) by meet, a< a/\(avb) ..... (7)
But aA(avb) is the GLB of a and (avb).
Therefore an(avb)<a....(8)

From (7), (8) a/\(avb) =a

(ilanb=a iff a<b
Conversely, suppose avh=Db

Since av b isthe LUB of (a,b), a<awvb
ie. a<b
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6. Isotonic Property: If (L,<) be alattice, forany a, b, ce L if b<c, then (ii) anb<anc

we know thatif X<y=xvy=y .... (D)
Since b<c = bvc=c
Also a=ava

Consider avc=(ava)v(bvc)
=av(avb)vc
=av(bva)vce

(avc)=(avb)v(avc)

Therefore from (1), avb<avc

we know thatif X<y =XAy=X ... (D
Since b<c = bac=b
Also a=ana

Consider anb=(ara)a(bac)
=an(anb)ac
=an(bra)ac

(anb)=(anb)a(anc)

Therefore from (1), anb<anac

Example: Let (L,S) be a lattice. If a<b<c,then (i) avb=bac.

(i) (a/\b)v(b/\c =b:(avb)/\(avc)

Since a<b, by property (5), we have avb=b and anb=a
Since b<c, by property (5), we have bvc=c and bac=Db

Therefore combining the above, avb=b=DbAc, we get the first result

Consider (anb)v(bac)=avb=b...(1) {given above}
Since a < ¢ by transitivity, by property (5), we have avc=c and aAnc=a

Therefore (avb)a(avc)=bac=b

Thus from (1) and (2), we get the second result.

Example: Show thatin a lattice if a<b and c<d ,then a*c<b*d and a®c<b®d.

Let (L,<) be a lattice and assume that a<b and c<d.

.+ a<b,wehave a*c<b*c (Isotonic)
.+ ¢<d,wehave b*c<b*d (Isotonic)

. a*c<b*d, by transitive property.

- a<b,wehave a®c<b®c (Isotonic)
+ ¢<d,wehave b®&c<b®d (Isotonic)

. a®c<b®d, by transitive property.

Theorem: Let (L,S) be a lattice in which * and @ denote the operation of meet and join respectively.

Forany abel,a<b< a*b=a< ad®db=>.
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Proof: With usual notations, we have to prove that forany a,bel, a<b < aanb=a < avb = b.

() a<b = avb = b

Given a<b

Also b <b (reflexive)
Therefore avb<b (definition)......... (D
But b<avb.... (2)

Because avb is LUB of (a,b)

Combining (1) & (2), we have avb= Db

Theorem: In alattice (L,<), then forany a,b,c e L, prove that a(bvc)>(aab)v(anc)

We know that anb <a
Also anb < b<bvec

Therefore a Ab is the lower bound of

{a, b\/C}. ie. anb < a/\(bvc)....(l)

(i) avb =b=anb=a
Given avb = b
Consider arb=an(avh)

=a (absorption)

Similarly aAc<a
Also anc < ¢ <bvec

Therefore a AC is the lower bound of

Equations (1) and (2) shows that a A (bv c) is the upper bound of {asb,anc}
ie. (aab)v(anc)<an(bve)
ie. an(bvc)=(aab)v(anc)

Theorem: Inalattice (L,<), prove that av(bac)<(avb)a(avc)

We know that a<avhb
Also baAc < b < avb
Therefore avb isthe upper bound of

{a, bnac}.ie av(bac)<avb..(1)

Similarly a<avc
Also bac < ¢ < ave
Therefore avC is the upper bound of

{a, bac}. ie av(bac)<avc..(2)

Equations (1) and (2) shows that av (bac) is the lower bound of {avb, avc }

i.e. av(b/\C)

Another Method:

We know that a<avb and a<avc

< (avb) A (a\/C)

https://doi.org/10.5281/zenodo.15287996

(iii) anb=a=a<b

Given anb=a

lower bound of a and b.

In particular a<b.

{a, bvc}. ie. anc < an(bve)..(2)

Therefore a is the greatest
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i.e. a is the lower bound of avb and avec
Therefore a<(avb)a(avc) ... (D
Alsowe knowthat bAc < b < avb and bac £ ¢ € ave

i.e. bAc is the lower bound of avb and avc
Therefore bac<(avb)a(avc) ....(2)

From (1) & (2), (avb)a(avc) isthe upper bound of {a, bac }
ie. av(b/\C) < (avb)/\(avc)

Special Lattices

Definition: A non empty subset M of a lattice (L, A, \/) is called a sublattice of L,if M is closed
under both the operations A,v. ie.if a,beM then anbeM, avbeM .

Example: (Z*, |) is a lattice. Then (Dn, |) is a sublattice where D, — Z", n is a positive integer.

Example: If S is the set of all divisors of the positive integers n and aDb if and only if a divides b,

prove that {824, D} is a lattice. Find also all the sublattices of D,, that contain 5 or more elements.

Here S,=D,, = {1, 2,3,4,6,12, 24} and the Hasse Diagram is given =4
here.

Consider the poset {D,,,|}. Clearlyitis reflexive, anti-symmetric and

transitive and hence it is a poset.

To prove {D,,,|} is alattice. i.e. to prove any pair (x,y) e D,, has LUB

and GLB.

For X,y € S,,, we define x* y =GLB = gcd (X,y) and
x@®y=LUB=lcm(x,y)

Hence for any pair, GLB and LUB exists. Therefore {D,,,|} is a lattice. 1

The sublattices of D,, that contain 5 or more elements are {1, 2, 3, 6, 12}, {1, 2, 4, 6, 12}, {1, 2, 4, 8, 24},
{1,2,3,6,12,24},{1,2,4,6,12,24},{1,2,3,4,6,12} and {2, 4, 6, 8, 12, 24}.

Definition: A lattice (L, A v) is said to have alower bound, denoted by 0,if 0<a forall a L. Similarly,

a lattice (L, A, \/) is said to have a upper bound, denoted by 1, if a<1 for all ae L. A lattice is said to be
bounded if it has both a lower bound and upper bound.

Note: av0=a, avl=1l an0=0, anl=a
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Example:
The lattice P(S) of all subsets of S is a bounded lattice with ¢ as a lower bound and S as an upper

bound.

The set of non negative integers with usual ordering 0 <1<2 <----- has a lower bound 0 but there is no
upper bound. Hence it is not bounded.

Example: Every finite lattice is bounded

Let L={a, a,,.....a,} is a finite lattice. Then a, A a, A ....Aa, and a v &, v....va, are the lower and

upper bounds of L respectively. Hence it is bounded.

Definition: If (L, A, V, 0, 1) is a bounded lattice and ae L. An element be L is called complement of
a, if avb=1 aaAb=0.

Note: Lower and upper bounds are complements to each other.
An element a e L may have more than one complement
An element a e L may or may not have complement
A lattice is called complemented lattice, if every element of L has at least one complement.

Here avb=1 aanb=0. "
Also avc=1 aanc=0. c

Therefore the complement of a is b and c.

0

Example: Show that the lattice P(S), where P(S) is the power set of a finite set S is complemented.

We know that the complement of any subset A of Sis givenby A=S—A.

Now Av(S—A)=1and AA(S—A)=0. Because
AU(S—A)=S and AN(S—-A)=¢

Example: If S,, is the set of all divisors of 42 and D is the relation “divisor of” on S,,, prove that
{842, D}is a complemented lattice.
Given S,, ={1,2,3,6,7,14,21,42}. For X,y€S,,, 5
we define x* y =GLB = gcd (X,y) and x@®y= LUB=Icm (X,y)

The zero element of the lattice is 1 and the unit element of the lattice is "‘
42.

Therefore if y is a complement of X,then x* y=1and x® y =42.
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Consider the elements 1,42 in S, Consider the elements 2,21 in S,
1* 42 =gcd (x,y)=1 2*21=gcd (x,y)=1

1®42 =Icm (x,y) =42 2®21=lcm (x,y)=42

Therefore the complement of 1 is 42. Therefore the complement of 2 is 21.
Similarly the complement of 42 is 1. Similarly the complement of 21 is 2.
Consider the elements 3, 14 in S, Consider the elements 6,7 in S,
3*14=gcd (x,y)=1 6*7 =gcd (x,y)=1

3®14=lcm (x,y)=42 67 =lcm (x,y)=42

Therefore the complement of 3 is 14. Therefore the complement of 6 is 7.
Similarly the complement of 14 is 21. Similarly the complement of 7 is 6.

Since every element of S,, has a complements, it is a complemented lattice.

Example: If D,. denotes the set of all divisors of 45 under divisibility ordering, find which elements have
complements and which do not have complements.

Given D, ={,3,5,9,15, 45}. 4

For X,y € D,;, we define x*y =GLB =gcd (X,y) and x®y=_LUB= Icm

(x,y)

3
Also we know that if y is a complement of X, 5
then x* y =1, the least elementand Xx@® y =45, the greatest element of D . 1

Consider the elements 1,45 in D, Consider the elements 5,9 in D,

1*45=gcd (x,y)=1 5*9=gcd (x,y)=1

1@45=Icm (x,y)=45 5@9=lcm (x,y)=45

Therefore the complement of 1 is 45. Therefore the complement of 5 is 9.

Similarly the complement of 45 is 1. Similarly the complement of 9 is 5.

Consider the elements 3, 15in D,
3*15=gcd (x,y)=3%1
3®15=lcm (x,y)=15=45
Therefore 3 and 15 have no complements
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Example : Find the complements, if they exist, of the elements of the a,b,c of the lattice, whose
Hasse diagram is given below. Can the lattice be complemented?

If y isacomplementof X,then xAy=0 and xvy=1.

Clearly 0 and 1 are complements to each other.

1
d "'F----- -\---\---\""\-\. e
Let x=a. Then any=0and avy=1.
a —~ T 1
~_ 0
"'\‘_\-\‘/ﬂ'

i,e. aanb=0and avb=1.

Therefore a and b are complements to each other.

Let Xx=d. Then dAy=0and dvy=1.

i.e.dAe=0and dve=1.
Therefore d and e are complements to each other.

Let Xx=cC. Then there existsno y suchthat cAy=0and cvy=1.
Because cva=c,cvb=c,cvd=1cve=1 and cra=a,cAb=Db,cad=a,cre=b
Therefore ¢ has no complement and hence the lattice is not complemented.

Note: Here a and e are complements to each other. Also b and d are complements to each other

Theorem: Show that a chain with three or more elements is not complemented.

Let (L,<) be a chain with 3 or more elements. Let 0, x,1 be any three elements in the chain with least
element 0 and greatest element 1.

Since L is a chain, it is totally ordered lattice. Therefore any two elements are comparable with least and
greatest element. i.e. 0<x<1.

Now OAXx=0 and Ovx=X. Also 1Ax=X and 1vx=1.
This shows that X has no complement and hence L is not complemented.

Definition: Alattice (L, A, V) is said to distributive, if for all a, b, ce L. Then
a/\(bvc):(a/\b)v(a/\c)

av(b/\c):(avb)/\(avc)
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Example: Verify whether the lattices given by the Hasse diagrams in following are distributive.

az

(2)
Consider the lattice L given in (a)

Let a,,b,, c,eL

a, n(b,vc,)=(a,Ab,)v(a, AC,)

1

b1

(b)

Consider the lattice L given in (b)
Leta,b,c el

an(bve)=(aab)v(anc)

a, Al=0v0 aAb=0v0
a,=0 0=0
a,v(0,AC,)=(a,vb,)A(a,vC,) av(bac)=(avb)a(ave)
a,v0=1Aa1 ave =1nl
a,=1 1=1

Since distributive laws are not valid, it is not Here distributive laws are valid.

distributive lattice .
But Consider

b A(ave)=(bra)v(bag)
b A1=0vc
b #c
Hence it is not distributive lattice.
Example: Give an example of a distributive lattice but not complemented.

No complement exists for 0, b, ¢, d, 1. !

But it is distributive.

Theorem: Every chain is a distributive lattice.

Let (L, S) be a chain, then every elements are comparable. Let a, b, ce L. Then a<b and a<c or
b<a and c<a

Case(1) a<b and a<c Case(2) b<a and c<a

Therefore we have aAb=a Therefore we have aAb=Db

anc=a anc=cC
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a<bwvc bvc<a
Therefore an(bvc)=a Therefore an(bvc)=bvec
(anb)v(anc)=a (aab)v(anc)=bvc
Equating LHS, aA(bvc)=(aab)v(anc) Equating LHS, aA(bvc)=(aab)v(anc)

Therefore the chain (L, S) is a distributive lattice.

Theorem: Show that cancellation laws are valid | Theorem: In a distributive lattice prove that

in a distributive lattice. a*b=a*c and a®b=a®c imply b=c.

Let (L, A, v) be a distributive lattice and Let (L,S) be a distributive lattice. Given that

a,bcel. a*b=a*c and a®b=a®c

We have to show thatif avb=avc and

arb=anc then b=c. Let b=Db* (a @ b) (Absorption law)
—h* 3

Consider (ab)v c=(avc)A(bvc) =b*(a®c) (Given)

(a A C) Ve = (a v b) A (b v C) = (b* a)@ (b* C) (Distributive)
c=(bva)a(bvec) = (a* b)(—B (b* C) (Commutative)
c=bv(anc) =(a*c)®(b*c)  (Given)
c=bv(anb) =(c*a)®(c*b) (Commutative)
c=b =c*(a®c) (Distributive)

=C (Absorption)

Theorem: In a distributive and complemented lattice, prove that complement of each element is unique
Let (L, A, v) be a distributive, complemented lattice. Suppose a and b are two complementsto X e L.

Then by definition, xva=1, xAa=0 and xvb=1and xAb=0.

Now a=avO0 Similarly b=bvO0
=av(xab) {byassumption} =bv(xna) {byassumption}
=(avx)A(avb) {distributive} =(bvx)a(bva) {distributive}
=1a(avh) {byassumption} =1a(bva) {byassumption}
=(avb) =(bva)

Since (bva)=(avh), weget a=b
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Example: In a distributive complemented lattice, show that the following are equivalent.

() a<b (2) anb=0 (3)avb-1 (4)b<a

Let (L, A, v) be a distributive, complemented lattice. i.e. the lattice is distributive and each element

has at least a complement.

To Prove (1) = (2) To Prove (2) = (3)
Let a,be L. Given a<b. Let a,be L. Given (a/\E):O.
Then avb=b and anb=a Taking complement on both sides, we have
avb=b (anb)=0
(a\/b)/\B:b/\t_) avb=1
(a/\E)v(b/\E):b/\B avb=1
(a/\B)vO=O
(a/\E)zo
To Prove (3) = (4) To Prove (4) = (1)
Let a,be L. Given avb=1. Let a,beL. Given b <a.
_ _ Therefore (a A 5) =b
(avb)ab =1Ab {cancellation law} L
R _ (aAb)=b
(arb)v(bab)=b N
_ = — avb=b
(ab)v0=b avb=b
(anb)=b a<b
b<a

Theorem: Establish De Morgan’s laws in a complemented, distributive lattice.
We know that if X" is the complement of X, then xv x'=1 and XA X =0.

To prove @’ Ab' is the complement of avb, we have to prove (avb)v(a’Ab’)=1 and
(avb)a(a' Ab)=0.
Law (i) (avb) =a' Al
Consider (avb)v(a'Ab’)=[(avb)va]r[lavb)vb]
=[ava)vb]albvb)val
=[ivb]Afival
=1A1

=1
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Consider (avb)a(a’ Ab)=[an(a Ab’)|v[oa(a Ab)]
=[@nra)abv[bab)ral
=[0Ab]vora]
=0vO0
=0 '
This shows that a’ Ab’ is the complement of avh. Hence (avb) =a’ Ab’
Law (i) (an b), =a'vb'
To prove a’v b’ is the complement of a b, we have to prove (aAb)v(a’vb’)=1 and
(anb)a(a’ vb)=0.
Consider (ab)v(a'vb)=[av(a vb)|Albv(a vb)]
=[ava)voialbvb)val
=[ivb]afival
=1A1
=1
Consider (anb)a(a’vb)=[arb)ra’]v[@asb)ab]
[(@ana)ablv[lbab)nal
[0Ab]v[0Aa]
ovo
0

This shows that @' v b’ is the complement of aAb. Hence (aAb) =a’'vb’

Definition: Let (L,*, (—D), (S, A, v) be two lattices. Then the direct productof L and S is LxS and the
operations are defined by

(al*aZ’bl/\bZ)
(ai@a2'b1Vb2)

(a,,b)e(a,,b,)
(. b,)+(a,,b,)

The operations + and e are idempotent, commutative, associative and satisfy the absorption law

because they are defined in terms of the operations *, @ and A, v. Therefore is (Lx S, e + ) a lattice.

Theorem: The direct product of any two distributive lattices is a distributive lattice.

Let (L,*, @), (S, A, v) be distributive lattices. Then

a*(b@c)=(a*b)®d(a*c)
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a®(b*c)
an(bve)
av(bnac)

(a®b)*(a®c)
(aab)v(anc)
(avb)a(ave)

Let (a, b), (2, b)) (a, b)elLxS

Now (a,,b,)e[(a,,b,)+(a;,b,)]=(a,,b,)e(a, ®a,,b, vb,)

(a,* (2, ®a;). by A (b, v b))
(a,*a,)®(a,*a; ), (b Ab,)v (b ADy))
(a,*a,, b, Ab,)+(a,*a,, b, Ab,)
(@, by ) (@, b, )]+ [(ay. by)e (as b, )]
Also (a;,b,)+[(a,.b,)e(a,.b,)]=(a,, b, )+(a,* a;, b, Ab;)

(a, ®(a,*a,),b, v(b, Aby))

(&, @a,)* (&, ®a;). (b, vb,) A (b v by))
(a,®a,,b vb,)e(a, ®a,,b vh,)

:[(al’b) (3-2' )] [(ai b) (asvbs)]

Therefore (LxS, o + ) is a distributive lattice.

Definition: Let (L, A, v) and (M, n, U) aretwo lattices. Amapping f:L—M is called alattice

homomorphism, if forany a,beL,
f (a/\b)z f(@)n f(b)
f (avb)z f(@)u f(b)

Note: A one-to-one homomorphism is said to be isomorphism.

Example: Show that the lattice (L, |) where L={1,2,3,6} and the lattice (M(S), <) where M

are isomorphic.

Here M(S)=4¢, {a}, {&,}, {2, 8, ]

Define a mapping f :L —> M(S) suchthat f(I)=¢, f(2)={a}, f(3)={a,}, f(6)={a,

Then obviously f is one-to-one and onto.
Here f is a homomorphism. Because

f(1r2)=f@Q)A (2 f(lv2)=f@)v f(2)
f) =¢nf(2 f(2) =pv 1(2)
p=¢pn{a) la) =¢via}
p=9 {af=1{a}
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Hence f is an isomorphism.

Modular Inequality: If (L, <) is alattice, then forany a, b, ce L, a<c then av(bac)<(avb)ac

Since a<c, avc=c

By distributive property, av(b/\c) (avb) (avC)
<

<

av(b/\C) ( ) -(1)

a<av(bac)< (avb)/\c<c
as<c...(2)

From (1) and (2), a<c < av(bac)<(avhb)ac

Definition: A lattice L is said to be modularif a<c then av(bac)=(avb)ac forall a,b,celL,.
Theorem: Every distributive lattice is modular but not conversely.

Let (L, S) be a distributive lattice, then for any a, b,ce L, av(bac)=(avb)a(avc).

If a<c then avc=c.
Therefore av(bac)=(avb)ac. Hence (L, S) is modular.

Consider the Diamond lattice M, which is modular. 1
Distributive Law: a, v(a, ra,)=(a, va,)a(a, va,)

From the diagram a v (a2 A a3) = (al v 0) =a a1 a3

(a,va,)a(a va,)=1r1=1

Since a, v(a, ra,)#(a, va,)a(a, va,), the lattice is not °

e Hasse diagram of M,
distributive.

To prove diamond lattice M5 is Modular.
Forany a,b,ceL,a<c then av(bac)=(avb)ac

Suppose a=c.
av(b/\C) av b)/\C
Cv(b/\C):(va)/\C
c=cC
Hence the result is true.

Suppose a <c. Since the diamond lattice is symmetric with respect to a,,a,, a, it is enough to prove the

result with respect to one of them, say a,.
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The condition a<c for a, willbe a; <1 and O<a,.

Let a, <1.

Then a=a;,c=1.

Therefore the condition becomes
av(bac)=(avb)ac

a, v (bAl)=(a, vb)al
avb=a vb

Hence the result is true

Let O0<a,.

Then a=0,c=a,.

Therefore the condition becomes
av(bac)=(avb)ac
Ov(bra)=(0vb)ra

bra, =bnaa

Hence the result is true

Therefore the lattice is modular

Example: Prove that the lattice whose Hasse 1 1
diagram is not modular b

For this lattice, when
a<c, av(bac)=(avb)ac. c

Because av(bac)=av(0)=a
and (avb)ac=(1)ac=c 0

Note: If a lattice is not modular, it is not distributive.
A modular lattice need not be distributive.
Every chain is a modular lattice, because we cannot find a, b, c € L such that a<c and b is not
comparable with aor C.

Boolean Algebra

A lattice which is distributive and complemented is called a Boolean Algebra. In Boolean Algebra, it is
customary to use the symbol + and e instead of v and A. Itis denoted as {B,+,[l ' 0,1}.

If {B,+,[1 ',0,1} is a Boolean Algebra, then the following properties are hold for a,b,ceB.
Identity Laws: a+0=aand al=a

Commutative Laws: a+b=b+a and alb=Dba

Associative Laws:  (a+b)+c=a+(b+c) and (alb) =al{blt)

Distributive Laws: al(b+c)=(alb)+(at) and a+(bt)=(a+b){a+c)
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Complement Laws: aa'=0 and a+a'=1
Note: Here 0 and 1 are symbolic form of lower and upper bounds
If a variable X takes on only the values, it is called Boolean variable

Sometimes a b may be written as ab
The distributive law a+ (bt) = (a+b)(a+c) does not hold good in ordinary algebra

Example: If B ={0, I}and the operations + ,e,' are defined as follows:

Identity Laws: 0+0=0, 1+0=1and 01=0, 11=1

Commutative Laws: 1+1=1+1=1 1+0=0+1=1and 00D=00=0, 01=10=0
Associative Laws:  (a+b)+c=a+(b+c) and (alb) =al{blt)

Distributive Laws:  Obvious

Complement Laws: 1'=0 and 0'=1

Therefore B ={0, 1} is the (only) two element Boolean Algebra.

Note: This is the only Boolean Algebra whose Hasse diagram is a chain.

Example: If P(S) is the power setofaset S, then {P(S),u, m,D} is a Boolean Algebra with 0=¢,1=S.

Let A, Band C be any three elements of P(S). Now AUg=A and ANS =A.
Hence the zero element is ¢ and unit elementis S and identity laws are satisfied........... (D)

Since AUB=BUA and AnB=Bn A, the commutative laws are satisfied.....(2)

Since (AUB)UC=AU(BUC)and (AnB)NC = An(BNC), associative laws are satisfied....... (3)

Since AU(BNC)=(AUB)n(AUC) and An(BUC)=(ANB)U(ANC), distributive laws are
satisfied.......... (4)

Let the complement of any set Ac S is considered as S\ A or S—A, the relative complement of A with
respectto S.

Therefore AU(S—A)=S and AN(S—A)=4¢, the complement laws are satisfied.

Theorem: In a Boolean Algebra, prove that the complement of every element is unique.

Let {B,+,[l',0,l} be a Boolean Algebra. Suppose a € B has two complements b and ceB.
Then by definition
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ab=0 and a+b=1
ac=0 and a+c=1

Consider b=h1 Similarly c=cl1
=bl(a+c) =c(a+b)
=(bla)+(bLt) =(cla)+(cb)
=0+(bit) =0+(clb)
(brt) —(cb)

Hence, from the above b=c

Example: Show that D, is a Boolean Algebra if n is a square free, i.e. n is a product of distinct
primes.

Here D, is a set of divisors of the number n and let the relation be |, divides.

Clearly, the relation is reflexive, antisymmetric and transitive and hence a partial order relation on D,

Therefore (D,, ) is a poset.
m . . . . ' . .
Let xe D, and let x'=—. Since m is a product of distinct primes, X and X' have different prime
X

divisors. Hence x'x'=gcd(x, x')=1 and x+x'=lcm(x, x')=n. Therefore complement exists.
Also LUB and GLB exists. Hence (D,, |) is a complemented distributive lattice.

Therefore D, is a Boolean algebra.

Note: The atoms of D, are the prime divisors of n.

Example: Show that the lattice of positive divisors of 30 is a Boolean Algebra.

Let Dy, ={1, 2,3,5, 6,10, 15, 30} and let the relation be |, divides. 30

Clearly, the relation is reflexive, antisymmetric and transitive
and hence a partial order relation on D,,.

R <

Therefore (D,,, |) is a poset. 5 A

Define a’b =gcd(a, b) and a+b=Icm(a,b) forall a,b € D,,.
Since GLB and LUB exists, (D, |) is a lattice.

From the Hasse diagram, it is distributive lattice.

https://doi.org/10.5281/zenodo.15287996

10 15

206



Here 1 is the least element and 30 is the greatest element.

Here 215=gcd(2,15) =1 and 2+15=1Icm(2,15)=30. Hence 2 and 15 are complements to each other.
Similarly 3, 10 are complements to each other and 5, 6 are complements to each other.

Therefore (D

,0» |) is complemented distributive lattice i.e. Boolean Algebra.

Example: Is a lattice of divisors of 32 a Boolean Algebra?

The divisors of 32 is a chain. We know that a chain with three or more elements is not complemented.
Therefore the lattice is not complemented and hence not Boolean Algebra.

Some Boolean Identities

Idempotent Laws: X+X=X, XX=X

X=X+0 {Identity} x=x1 {Identity}
X=X+ XX {Complement} X = XX+ X) {Complement}
X=(X+X).(x+X) {Distributive} X = (X[X) + (XxX) {Distributive}
X=(x+x).1 {Complement} X =(XX)+0 {Complement}
X=(X+X) {Identity} X = (X(X) {ldentity}
Dominant Laws: X+1=1 xD0=0
X+1=(x+1)1 {Identity} X0 =(x0)+0 {Identity}
=(X+1(x+X) {Complement} = (X(0)+ (x’X) {Complement}
= X+ (1X) {Distributive} = x{(0+X) {Distributive}
=X+X {Identity} = XX {Identity}
=1 {Complement} =0 {Complement}

Absorption Laws: x{(X+Yy)=X, X+(Xly)=x

XX+ y) = (Xx+0)Ax+Y) X+ (Xy) = (x1) + (xy)
= x+ (0ly) =x(1+Yy)
=X+0 =x1
=X =X

De Morgan’s Laws: (X+Y)= )_<D§, Hy =X +§/

Proof: We know that if X’ is the complement of X,then X+ Xx'=1 and Xxex' =0.
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To prove a’eb’ is the complement of a+b, we have to prove (a + b)v (a’ o b’) =1 and
(a+b)e(a’eb’)=0.
Law (i) (a+b), =a'eb’
Consider (a+b)+(a’eb’)=[(a+b)+a']e[(a+b)+b]
=[a+a’)+b]e[(b+b')+a]
=[1+ble[l+a]
=lel
=1
Consider (a+b)e(a’eb’)=[ae(a’eb’)|+[be(a’eb’)]
[lasa)eb]+ [bob)eaT
= [OOb']+[Oo a’]
=0+0
=0 '
This shows that a’eb’ is the complement of a+b. Hence (a+b) =a’eb’
By duality, (a e b)' =a'+Db’ is true.

Definition: If A isanon empty sub set of a Boolean Algebra B such that A itselfis a Boolean Algebra
with respect to the operation of B, then A is called a subalgebra of B.

Note: if m|n,then D, isa sublattice of D,. This is true for subalgebra also.

Definition: A non least element a in a Boolean algebra is called an atom if for every
XxeB,xAna=aor xAna=0.

Note: (1) xAa=a = a<x. (2) xaAna=0 = a and X are not connected.

(3) Any element x =0 of B can expressed uniquely as a sum of atoms.
Example: Consider the lattice D,, with the partial ordered relation divides, then

i. Draw the Hasse diagram of D,
ii. Find the complement of each elements of D,
iii. Find the set of atoms of D,

iv. Find the number of sub algebras of D,

The elements of D, ={1, 3, 5, 7, 15, 21, 35, 105}
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105

15 35
3 7
1
Here3A35=1cm(3,35) =1 and 3v35=gcd(3,35) =105. Hence Complement of 3 is 35
Similarly Complement of 5is 21
Complement of 7 is 15 and Complement of 11is 105

We know that a non least element a in a Boolean algebra is called an atom if for every
xeB, xAna=aor xana=0. Therefore set of atomsis{3,5,7}

To find sub algebras:

Here O(D,y;)=8. Therefore subalgebras must contain 2 or 4 or 8 elements.

D, is a Boolean algebra with least element 1 and greatest element 105.

Therefore Sub algebra with 2 elementsis { 1, 105 }
Also sub algebras with 8 elements is D,

Subalgebra with 4 elements is of the form {l, X, X, 105}. Then may be either 3 or 5 or 7.

Sub algebras with 4 elements is {1, 3, 35, 105}, {1, 5, 21, 105}, {1, 7, 15, 105}
{number of subalgebras with 4 elements equals (number of non bound elements/2)}

Hence there are 5 sub algebras

Definition: Two Boolean algebras B, and B, are said to be isomorphic if there is a one-to-one
correspondence f:B, —B, if (i) f(x+y)=f(X)+f(y) (i) f(xy)=f() f(y) Gii) f(x)=(f(x))

Theorem: Let B be a finite Boolean Algebra and let A be the set of all atoms of B. Then prove that the
Boolean Algebra B is isomorphic to the Boolean Algebra P(A), where P(A) is the power set of A.

Let B be a finite Boolean Algebra and let A be the set of all atoms of B.

A={a,a,,....a,0,b,....b,¢,C,,.....C,dp,dy o, dy |
Let P(A) be the power set of A.
Define a mapping f :B — f(A) suchthat f(x)={a,a,,....,a } where a +a,+...+a, is the unique

representation of sum of atoms.
By definition of atom, we have ala =g and ala; =0 .
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Let X,y € B where x=a,+a,+...+a, +b+b,+...+b, and y=b +b,+...+b,+c +¢,+....+C,

Then x+y=a +a,+...+a, +b +b,+...+b,+C +C, +...+C,
Xy=b +b,+...+b,

Now f(x+Yy)={a,a,....a,0,b,.....0,,C,Cp.....C.}
={a,,8,,....a,,b,b,,....b;} u{b,b,,.....b,C,C,, .0}
=f(x) v f(y)

Also f(xy)={b,b,,....b}
={a,8,,....8,,0,0,,....0.} N {b,b,,....b,c.Cp 0}
=f(x)n f(y)

If z=c +c,+...+C+d,+d,+...+d,, then x+y=1 and xy=0. Hence z is the complement of X.

Also f(x")={c,C,,.....C,, 0y, 0y, ..., d, }
={a,a,,....a,,b,b,,....b}'
=(fe)’

Since this representation is unique, f is one-to-one and onto. Hence f is a Boolean algebra
isomorphism.

Note: Ifaset A has n elements, then its power set P(A) has 2" elements. Thus a finite Boolean algebra

has 2" elements for some positive integer n.
Example: Is there a Boolean algebra with 5 elements?

No. Because each Boolean algebra is isomorphic to powerset algebra. Therefore it must have 2"
elements for some integer n and 5= 2".

Definition: A mapping f:L — S is said to be order preserving map from the Lattice (L,*,®,<) to the
Lattice (S,A,v,<") if, a<b= f(a)<'f(b), Va,beL.

Theorem: Let (L,*,@) and (S ,/\,v) be any two lattices with the partial ordering < and <" respectively. If
g is a lattice homomorphism, then g preserves the partial ordering. (or) Any Lattice homomorphism is

order preserving. (or) Show that a lattice homomorphism on a Boolean Algebra which preserves 0 and 1
is a Boolean homomorphism.

Let f:L—> S beaLattice homomorphism. Let a,beL suchthat a<b.
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Then GLB{a,b}=ax*b=a........ (D
Now f(a*b)=f(a),using (1)

f(a)xf(b)="f(a), since f isa
homomorphism

i.e. greatest lower bound of f(a)& f(b) is f(a).

ie. f(a)af(b)="f(a).
Therefore f(a)<'f(b).

Therefore f is order preserving.

Boolean Expression and Boolean Functions

A Boolean expression in n Boolean variables X, X,,...
Example: (i) f(x,y)=xy+x (i) f(x,y)=x+xy (iii)) f(x,y,2)=xy+y+2

A function f:B"={x,x,,...,

Then LUB{a,b}=a®b=b......(2)
Now f(a®b)=f(b),using (2)

f(a)®f(b)="f(b), since f isa
homomorphism

i.e. least upper bound of f(a)and f(b)is f(b).
ie. f(a)vf(b)="f(b).
Therefore f(a)<'f(b).

Therefore f is order preserving.

, X, 1s a finite string of symbols formed recursively.

(iv) f(x,y,2)=xz+x

X} — B{0, 1} is called a Boolean function of degree n. i.e. each Boolean

expression represents a Boolean function, which is evaluated by substituting the values 0 or 1 for each
variables. The values of the function may be obtained by the truth tables.

X y X+y Xy
1 1 1 1
1 0 1 0
0 1 1 0
0 0 0 0

Note: The number of different Boolean function f :B" — B is 2°".

Boolean product of all variables and its
complements that appear exactly once is called
minterm.

Set of minterms in 2 variables: ab, a'b, ab', a'b’

Boolean sum of all variables and its complements
that appear exactly once is called maxterm.

Set of maxterms in 2 variables:
a+b,a+b,a+b',a'+b’

When a Boolean expression is expressed as a sum
of minterms only is called disjunctive normal
form(DNF).

Example: f(a,b,c)=abc+a'bc+a'b'c

When a Boolean expression is expressed as a
product of maxterms only is called conjunctive
normal form(CNF).

Example: f(a,b,c)=(a+b-+c)(a'+b+c)
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If a Boolean function is expressed by all its
minterms, it is called complete DNF

If a Boolean function is expressed by all its
maxterms, it is called complete CNF

Note: Boolean expression expressed in terms of CNF or DNF is called canonical form.
Canonical form is obtained by either truth table method or algebraic method.

Truth Table Method: Form the truth table for the given Boolean function f(x,y,z), say.

To find the DNF: Note down the rows in which f

column entry is 1. While writing the minterm
corresponding to a row, entry 1 is replaced by the
variable and entry 0 is replaced by the complement
of the variables.

To find the CNF: Note down the rows in which f

column entry is 0. While writing the maxterm
corresponding to a row, entry 0 is replaced by the
variable and entry 1 is replaced by the complement
of the variables.

X y z f
1 1 1 0
1 1 0 1
1 0 1 1
1 0 0 0
0 1 1 0
0 1 0 1
0 0 1 0
0 0 0 1
DNF: XyZ +Xyz +XyZ + XyZ CNF: (X+Y+Z)(X+y+2)(X+Y+Z)(X+y+Z)

Algebraic Method:

To find DNF: Express the function as a sum of product of variables. In a product, ifa term, say a, is missing,
multiply by (a+a) which is equal to 1. Then apply distributive law, if necessary. Finally if a factor is

repeated, it may be omitted because a+a=a.

To find CNF: Express the function as a product of sum of variables. In a sum, if a term, say a, is missing,
add (a’@) which is equal to 0. Then apply distributive law, if necessary. Finally if a factor is repeated, it

may be omitted because ala=a.

Example: What values of the Boolean variables x and y satisfy xy=x+Yy?

Let us find the values of the Boolean function from the following table with the use of Boolean sum and

Boolean product.

X y Xy X+Yy
1 1 1 1
1 0 0 1
0 1 0 1
0 0 0 0
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Compare the columns of xy and X+ Y . The values in the respective columns are equal when x=1,y =1
or x=0,y=0.
Therefore we get Xy=x+Y ifandonly if x=1,y=1 or x=0,y=0.

Example: Verify De Morgan’s Law with the use of Boolean sum and product.

Toverify: 1) (x+y)=xly (2) Xly=x+y
X y X y Xy X0y X+y X+ X+y XUy
1 1 0 0 1 0 0 1 0 0
1 0 0 1 0 1 1 1 0 0
0 1 1 0 0 1 1 1 0 0
0 0 1 1 0 1 1 0 1 1

From column 9 and 10 (1) (x+Yy) =Xy is proved and from columns 6 and 7 (2) Xy =X+ is proved.
Example: In any Boolean Algebra, show that (a+b')b+c')c+a’)=(a’+b)b'+c)c'+a)

(a+b)\o+c'Yc+a')=(a+b' +0)o+c'+0)c+a'+0)

=(a+b'+cc')b+c'+aa’fc+a +bb')

(@ +b+cc )b’ +c+aa’)(c' +a+bb’)
a'+b+0)(b'+c+0)(c'+a+0)
a'+b) (b’ +c)(c'+a)

=(a+b'+c)a+b' +c')b+c +a)lb+c +a')(c+a' +b)(c+a +b')

=[@ +b+c)a'+b+c )b’ +c+a)b’ +c+a)|[(c’+a+b)c' +a+b’)]

Example: In any Boolean Algebra, show that (alb')+(bt')+(cla’) =(a'h)+(b't)+(cTa)

(ab’)+(bX")+(ca') = (alhbTl)+(bL'1)+(clall)

=(ab(c+c'))+(bc(a+a'))+(caT(b+b'))

=(ab'c)+(ab'c")+(bkTa)+(bkTa")+(cah)+(cah’)

=[(bcra')+

=(ath){(c+c')+(bTc){a+a")+(cta){b+b")

=(ath)1+(bTc)1+(cra)l

=(ath)+(b')+(ca)

(c[a’[b)] +[(aDJ'[C) +
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Example: In any Boolean algebra show that a=0 < ab’+a'b=b.
Let B be a Boolean algebra and let a,beB.
Suppose a=0. Then ab’+a’b=0b"+1b=0+b=Db
Conversely, suppose ab’+a’b=b........ (D

Now
0=Db'b
=b'.(ab’+a'b)
=ab'b’+a’bb’
=ab'+a'0
_ab'...(2)
Applying De Morgan’s law to (1), we have b’ =(a’+b)a+b’)
Therefore 0=ab’
=afa’ +b)a+b’)
=(aa’ +ab)a+b’)
=(0+ab)a+b')
=ab(a+b’)
— (aba + abb’)
=(ab+0)
=ab
Therefore 0 =ab =ab’
Therefore 0=ab+ab' =alb+b')=a.l=a

Hence a=0.

Example: If x, y are elements in a Boolean algebra, prove that x<y < y'<x'.

Since X<y implies xAy=x and xvy=y Conversely y'< x' implies y'Ax'=y"' and

X'Ay'=(Xxvy)'=y' and xVy'=(Xxay)=x. y'vx'=x'.

Hence x'>y' Taking complements on both sides, we have
(yax)=(y) . (yvx)=(x)
yvx=y YAX=X

Hence x'>y'
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Example: In any Boolean Algebra, prove the following statements are equivalent.

(1) a+b=b (2) asb=a (3)a'+b=1

Let (1) a+b=b istrue.
Consider asb=al(a+b) {Given}

=a {absorption law}

Therefore (1) < (2)

Let (2) aeb=a is true.
Adding a' on both sides, we get
a'traeb=a'+a
(a'+a)e(a'+b)=1 Distributive
le(a'+h)=1
(a'+h)=1
Therefore (2) < (3)

. Example: Simplify the Boolean expression
a'b'c+ab’c+a’'b'c’ using Boolean algebra
identities.
alblc+ab'c+alblc' =(a+a')blc+a'h'c’

=1bTc+a'hc’
=bc+ahTc
=b'{c+alc’)
=bT(c+a){c+c')]
=bT (c+a’)1]
=bc+a’)

=bc+bTa’

(4) aeb’=0
Let (3) a+b=1istrue.

Taking complement
(@+b)' =1

ab'=0
Therefore (3) < (4)
Suppose (4) ab'=0 istrue
Adding b on both sides, we have
ab+b=0+b
(a+b)(b+b)=b
(a+b)1=b
(a+b)=b
Therefore (4) < (1)

Example: Simplify the Boolean expression
alblc+ablc+ab’lc" using Boolean algebra
identities.
alblc+ablc+ablc'=(ahtc)+ablc+c')
=(athtc)+ahnl
=(athtc)+ab’
=b(a+a'")(a+c)
=b'(a+c)

=bTa+b'c

Example: Inany Boolean Algebra, show that ab’+a’b =0 ifand only if a=Db.
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Let a=b. Then

ab'+a’b=aa'+a'a
=0+0
=0

Example:

Suppose ab’'+aThb=0. Then
a+0=a

a+ab' +alb=a
(a+ab)+alb=a
a+a’b=a {absorption law}

(a+a')(a+b)=a {Distributive}

I(a+b)=a

(a+b)=a...(1)

a(a+b)=aa+ab Distributive

=a+ab

Identity

=al+ab Complement
=al(1+b) Distributive
=all Complement

=a Complement

Similarly

b+0=Db

b+ab'+alh=b
(b+a'b)+ab'=b

b+ab'=b {absorption law}

(b + a)[(b +b ) =b {Distributive}
(b+a)1l=b

(b+a)=b...(2)

From (1) and (2), we have a=Db

In a Boolean Algebra, show that a.(a+b) =a for a,beB.

Example: In any Boolean Algebra prove that a-b'+a“b=(a+b)(a+b’)

(a+b)-(a+b")=(a+b)-a+(a+h)-b’

=a-a+b-a+a-b+b-b’
=0+b-a+a-b'+0

=a-b'+a"b

216

https://doi.org/10.5281/zenodo.15287996



EXERCISE

1. The following is the Hasse diagram of a partially ordered set. Verify whether it is a Lattice.
C

2. Let D(12) denote the set of all positive divisors of 12. Draw the Hasse diagram of D(12)

3. Draw the Hasse diagram for (1) P = {2,3,6,12,24} (2) P, = {1,2,3,4,6,12} and < is a relation such
that x <y if and only if x| y.

4, Check whether the posets {(1,3,6,9), D} and {(1,5,25,125), D} are lattices or not. Justify your claim.

5. Draw the Hasse diagram of (X ,S), where X = {2,4,5,10,12,20,25} and the relation < be such that
x <y if x divides vy .

6. Prove that D,,,, the set of all positive divisors of a positive integer 110, is a Boolean Algebra and
find all its sub algebras.
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10.

11.

12.

13.

Let (L,*,@) and (S ,/\,v) be any two lattices with the partial ordering < and <’ respectively. If g is
a lattice homomorphism, then g preserves the partial ordering.

Show that a complemented, distributive lattice is a Boolean Algebra.

Show that every non empty subset of a lattice has a least upper bound and greatest lower bound.
Show that every totally ordered set is a lattice.

Show that every non empty subset of a lattice has a least upper bound and greatest lower bound.
Is a Boolean Algebra contains six elements? Justify your answer.

Show that in any Boolean Algebra (a+b)a’+c)=ac+a'b+hc.
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